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3.2.2 Core formation
During the last stages of the self-similar collapse (stages 5 and 6;
evolution from point A to point B in Fig. 2), when the centre of the
cloud is essentially adiabatic, H2 dissociation acts as a
‘thermostate’, preventing a faster increase in temperature and
pressure, which would halt the collapse. In fact, dissociation
absorbs *50 per cent of the heat generated by gas compression,
which (owing to the opaqueness of the centre of the cloud) could
not have been dissipated otherwise. When nearly all H2 molecules
are dissociated, the thermostatic effect is no longer effective, and
the central temperature and pressure rise rapidly, stopping the
collapse of the central regions. At the end of H2 dissociation
ðTc , 20 000KÞ the chemical energy and the thermal energy per
H0 atom are similar (.2.2 and 2.6 eV, respectively). This fact
reflects the virial theorem: half of the cloud gravitational energy is
converted into thermal energy after compression, while the rest is
tapped as chemical energy through dissociation.
Outside the core, the gas is still collapsing with a velocity close
to that of free-fall. This results in a shock front forming at the edge
of the core, where the infalling material is suddenly halted (see
Fig. 1b). Unfortunately, the numerical method (i.e. the introduction
of an artificial viscosity) used for the treatment of hydrodynamical
effects is inaccurate when dealing with strong shocks, since they
are spread over several shells. However, though the treatment of the
shock physics is only approximate, the general picture of the cloud
evolution is essentially correct. In run P100/2 we also improve the
situation by refining the shells in the region where the shock forms.
The core evolution is driven by two main processes. First, as can
be seen in Fig. 1(b), the core mass (defined as the mass inside the
radius where the infall velocity is,0.1vff, vff ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2GMr/r
p Þ grows,
owing to the accretion of infalling material. Secondly, even if the
Figure 1. Spatial structure of the cloud in run P100/2 at 10 different stages of collapse (see Table 2). Panels refer to (a) density, (b) infall velocity, (c)
temperature and (d) to the fraction of H nuclei inside H2 molecules. On the abscissa we use the mass enclosed within radius r (Mr). Shell edges are denoted by
small tags on to the curve referring to the initial configuration; in panel (d) we omit stages 6 and 8 for clarity. The small oscillations in the temperature profile of
stage 9 around Mr . 22 are a result of numerical effects.
Table 2. Collapse stages (run P100).
Stage Tc Dt ðtf 2 tiÞ Notes
(K) (yr) (yr)
0 270 – 740 000 Initial conditions
1 450 720 000 20 000 Start rad. trans.
2 650 19 000 930
3 1500 920 9.6
4 3000 9.2 0.40 H2 is dissociating
5 6500 0.060 0.34
6 15 000 0.005 0.34 Core is forming
7 30 000 0.002 0.34 Core has formed
8 65 000 0.011 0.33
9 100 000 0.33 – Final stage
404 E. Ripamonti et al.
q 2002 RAS, MNRAS 334, 401–418
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k ≈ 10−11 cm3 s−1
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H + e− → H− + γ
H− + H → H2 + e−.
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D+ + H2 → HD + H
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D + H2 → HD + H.
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Li+ + H− → Li + H
Li+ + H → LiH+ + γ
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Li−
BP-
a6$
89aﬁ6&-wRﬁ8
9;<	~ RZ-%~$o6$
8
9a#9ﬀﬁ
ﬀiﬁ8
9;<	LZQEB]!i R R6(

-- RL$%-ﬀﬁ:Z RZ[$ 
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Li− + γ → Li + e−
Li− + H+ → Li + H.
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LiH + γ → Li + H
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LiH + H → LiH + H2
LiH + H+ → Li+ + H2.
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Schwingung Rotation
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and we take H0 67 km s
21Mpc21. In equation (1), Nn
(cm23 s21) is the rate of creation of neutral particles per unit
volume, at kinetic temperature Tn, in chemical reactions,
considered below; nn (cm
23) is the number density of the
neutrals; nnUn is the internal energy of the neutral gas per unit
volume,
nnUn 
X
vJ
nvJEvJ ;
where the summation extends over the rovibrational levels vJ
of H2, of energy EvJ relative to the v 0 J ground state, and
nvJ is the population density of the level; Bn is the rate of
energy gain by the neutrals per unit volume. This term (Bn)
comprises chemical heating, considered by Puy et al. (1993),
owing to exothermic reactions which yield neutral products; it
also includes the exchange of energy, owing to elastic
scattering, between the neutrals and both the ions and the
electrons (see Flower, Pineau des ForeÃts & Hartquist 1985).
The rate of variation of the internal energy of the neutral fluid per
unit volume is evaluated from
d(nnUn)
dt

X
vJ
EvJ
dnvJ
dt
;
where the equations for the temporal variation of the H2
population densities, dnvJ/dt, were solved in parallel, allowing
for radiative (spontaneous and induced) and collisional population
transfer (Le Bourlot et al. 1999), as well as the expansion of the
Universe (cf. equation 6 below). In particular, transfers of
population, resulting from collisions with protons, for rotational
levels J# 9 in the v 0 vibrational ground state were included;
the rate coefficients were taken from Gerlich (1990). Spontaneous
radiative transitions between ortho and para levels in the
v 0 state were also included. Although the corresponding
transition probabilities are very small, they increase rapidly
with J (A / J5 for large J: Raich & Good 1964). We made
the simplifying assumption that, when H2 molecules form or
are destroyed in chemical reactions, the population of any
given state (v, J) changes in proportion to the fractional
population of that level, nvJ/n(H2). Subsequent to freeze-out
of the fractional abundance of H2 (z, 100), the results are
independent of this assumption.
The analogous equations for the kinetic temperatures, Ti and Te,
of the positive ions and the electrons are
1
T i
dT i
dt

Bi
3
2
nikT i
2
N i
ni
2
2
R
dR
dt
3
and
1
Te
dTe
dt

Be
3
2
nekTe
2
Ne
ne
2
2
R
dR
dt
; 4
where n denotes a number density, N a rate of creation per unit
volume, and B is the rate of energy gain per unit volume, which
includes the energy exchange through elastic collisions with
particles in other fluids; Be specifically includes a term
4sTaT
4
r
mec
k(T r 2 Te)ne;
arising from Thomson scattering of the photons of the
blackbody radiation field on the electrons. Finally, the varia-
tion of the temperature, Tr, of the blackbody radiation field is
given by
1
T r
dT r
dt
 2
sT
mec
kT r 2 Tene 2
1
R
dR
dt
; 5
where the first term on the right-hand side (energy loss resulting
from Thomson scattering) can, in practice, be neglected.
To the above equations must be added the chemical rate
equations,
1
n(X)
dn(X)
dt

N(X)
n(x)
2
3
R
dR
dt
; 6
where N(X) is the rate of creation of species X, of density n(X), per
unit volume. We used the `reduced' chemical reaction network of
Galli & Palla (1998), subject to minor changes. The complete set
of coupled differential equations was then solved by means of the
Gear algorithm (Hindmarsh 1974).
3 RESULTS AND DISCUSS ION
We have integrated the above equations, starting at z 5000, for
which the corresponding time is t 8.68 1011 s (2.75 104 yr).
Assuming the Hubble constant H0 67 km s
21Mpc21, the present
age of the Universe is 9.7 109 yr. The present blackbody
radiation temperature was taken to be Tr 2.73K and the proton
density nH n(H
1)1 n(H)1 2n(H2) 1.5 10
27 cm23, corre-
sponding to a baryonic density Vb 0.0367 of the critical density
(cf. Galli & Palla 1998). We have also considered a larger value of
Vb 0.1. The fractional number density of helium nuclei was
nHe/nH 0.08, and the fractional number density of deuterium
nD/nH 4 10
25 (Vidal-Madjar 1983). The initial value of the
ortho:para-H2 ratio was 3.
In Fig. 1 are plotted the variations with z of the temperatures of
Figure 1. The variations of the blackbody radiation temperature (solid
curve) and of the temperatures of the neutrals, ions, and electrons
(superposed: broken curve) with redshift, z.
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q 2000 RAS, MNRAS 316, 901±905

	
ﬀﬂﬁﬃ ﬂ!#"%$&!
'()*+,-ﬂ$./!10(2+$&3ﬂ!#4&5#)/<X6"+4.7ﬀ	
2%89ﬂ!ﬂ$1"-	6;:=<?>@ACB

!D5#)ﬁR/2--/KVE!D3-4F$Dﬂ	
	G$H
Iﬀﬂﬁﬃ ﬂ!#"%$&!J/!LK5#)M89"-!R/,-N-!Dﬃ ﬂ!#4F$D!D"-)	I"+!=O;
I-/4P$&!DQ5#)ﬂ	$&
R

E4F$Dﬂ)S$UTV!W
.ﬀﬂﬁﬃ ﬂ!#"%$&!&/L3-2Hﬂ$D!D"-	/Xﬀﬂ
	
5#)/YOSZ[2-/LX\]	/,S$&!D2-/Y^C!`_a/!Dﬂ$D	b
5#)M14P
cT2-	
-ﬂNS9ﬂ!DﬂQ5#)]32-cﬁ
!dﬁ"-!&,M
ﬂ!&$e892-!#ﬂY?f(2!&Rﬂ2S$D"+	g/ﬀﬂﬁﬃ ﬂ!#"%$D!& ﬂ!DﬂQ5#)6Rﬂ8hQ4D5#)ﬂ
10

200 K
O3ﬂ!&$&
,%"+	Y
c0h2+$D3-/!D4D5#)
ﬂ
z ≈ 20, . . . ,30
R/8i
z = 100

j
@9Dlkﬃ@m B EGJUm
}"!!'5%#?/%!'ﬀÀFK Á?!'X`/%!}<9*-Ka!'ﬀº#?":%<§Ka!'c!'0ﬀ>!'5ŁW;/?J!'5%#=:%<."!'K.7.ﬀ.I\6$24"#%:=<>!'ﬀ
z ≈ 20, . . . ,30
IJ!'K.01ÎO
ﬂ.!'/Sb-}"!$#Ç24Q.5%ﬂ.!ﬀ9*;:%<[EFK.K.01"ﬂ 7.ﬀ.If³ b0Ò£!'0ﬀ>!'5-s!'01":%<>!'ﬀ`/%!'&[,L!'5=*-/?7.53JW;ﬀB!'/2*
T ≈ 10, . . . ,20 K
!'ﬀ`/%#?,.5%!$:%<>!'ﬀcRJﬂ "!ÌF0ﬀ]/%!'5?IM5?7.ﬀ>ﬂ.#?/?5=*-<.107.ﬀ.IZ2£8-5%!6$7Bﬂ "!$#%!'&{L!'0/?,.7.ﬀ.X`/3!'/ﬁ2£*f!'0ﬀ>!£XYﬀ9*-,.,L!}5%-O
TJ!'ﬀ>W;5%ﬂ ﬀ`7.ﬀ.I¿2£8-5?&\!'5Sb}"!$#%! -s!'&[,L!'5=*-/?7.5BXM*-ﬀ.ﬀCJW;ﬀÐ!'0ﬀ>!'5B*-7>#u5%!'0ﬀ>!'&ÔAC*;#%#%!'5%#?/%W*)­Ka!$#?/%!PO
<>!'ﬀ>ﬂ.!'ﬀªAﬃW;10XJ!*-7>:=<©Ka!'<>W;<>!'5 -s!'01":%<>!'ﬀ>ﬂ ":=<]/%!ﬃﬂ 7.5%:=<
H2
O(fQ.<.107.ﬀ.IÐ*-101"!'0ﬀ¥ﬀ.":%<]/!'5?5%!'":%<`/
2£!'5%ﬂ.!'ﬀcR>24"!@*-7>#EFK.K.01"ﬂ 7.ﬀ.IÓ b¨®[*-7 GDY!'0/%!@³J×u6$7º!'ﬀ`/?ﬀ>!'<.&\!'ﬀ"#%/Sb
n
QgoMpEC@
3!'5?IM1"!'":=<]/D&V*-ﬀﬂ "!JW;5?<>!'5?IJ!$#=*-IM/%!'ﬀ\Aﬃ!'5?/%!ﬂ.!'53¦^&[0/3ﬂ.!'ﬀ[Aﬃ!'5?/%!'ﬀVﬂ.!'5N3J!S*-ﬀ>#%&V*;#%#%!!'0ﬀ>!'5
"#%W;/?<>!'5?&\!'ﬀcR>*-7>#£5%!'0ﬀ>!'&
AC*;#%#=!'5%#?/%W*)Ka!$#?/%!'<>!'ﬀ>ﬂ.!'ﬀ*;#?XY7.IJ!'1²R`ﬂ.!'5%!'ﬀ2-s!'&[,L!'5=*-/?7.546$24"#=:%<>!'ﬀ
6S!'<.ﬀª7.ﬀ>ﬂ©´]¯M¯
K
10"!'IM/SR£#%WC!'5?IM0K./#?":=<¥!'0ﬀ«¸£!'5%!'":=<©G»Q.5ﬂ "!_EFﬀ GH*-ﬀ.IJ#%ﬂ ":=<]/%!MRﬂ.!'5V0ﬀ«!'/2*
6$24"#%:=<>!'ﬀ
104 cm−3
7.ﬀ>ﬂ
109 cm−3
K.6$2+b
10−19 g cm−3
7.ﬀ>ﬂ
10−15 g cm−3
10"!'IM/Sb&0ﬀ
ﬂ "!$#%!'&¸£01"ﬂ!'0ﬀ>!}(W;ﬀ Ñ>IM7.5=*-/?"W;ﬀ&[0/£!'0ﬀ>!'5f!$#=*-&Z/?&V*;#%#%!FJW;ﬀ
0,1 M
6$7!'5?<9*-10/%!'ﬀcR`&ZQ>#%#?/%!
×;¾
"	%  #ﬁ   
  &V 	
ﬂﬁ!!#	ﬁ(
 0.01
 0.1
 1
 10
 100
 1000
 10000
4 5 6 7 8 9
M
J 
/ M
 
·O
log ntot
T=400 K
T=200 K
T=100 K
T=50 K
T=10 K

	
I  -="+4&ﬁH"-4D4P
MJ

 KM2/ﬁH"-4D4P/I/ﬂ!."-4("+$&2-ﬁH"-!&/ "-4D4&ﬂ!#4F$D2' /4P$&/)ﬂﬂ
VEﬂ	C ﬂY,2-4P$D"-$Dﬂ!We/ﬁﬃ/!D"+$&!/X 3-2-2- ﬂI"-5#)S$&/
400, 200, 100, 50, 10 K
@9"+	Q4W7,$D2
/!(e/	Q5#)/Q5#)$DUX

cm−3
@A
ﬂ "!AﬃW;10XJ!+KL!'c!'0ﬀ>!'5}":=<]/%!+JW;ﬀ
109 cm−3
*-7 G:S* b
10 K
*-K.X`Q.<.1"!'ﬀcb
f!'5F¸!'5%!'":=<_ﬂ.!'5FJW;5?<>!'5?IJ!$#=*-IM/%!'ﬀ¿ﬁ^_Ð24Q.5%ﬂ.!Zﬂ 7.5%:=<_!'0ﬀ>!ZŁ!'0<>!@JW;ﬀ`0&@7.1N*-/?"W;ﬀ>#%5%!$:%<.ﬀ]7.ﬀ O
IJ!'ﬀcR£ﬂ "!ﬂ.!'ﬀª0ﬀ -*-KL!'101"!¿³ b0Ò*-ﬀ.IJ!'IJ!'KL!'ﬀ>!'ﬀ -Ç!'&[,a!'5=*-/?7.5¤O²7.ﬀ>ﬂ·}":%<`/%!'KL!'5%!'":=<ÈQ.KL!'5%#%,9*-ﬀ.ﬀ]/SR
&\!'<.5+*-1"#+*-K.IJ!$ﬂ.!$:%XY/SbaAª"!@0ﬀ¿EFK>#%:%<.ﬀ.0/?/@® b¨½ b¨½6$7#%!'<>!'ﬀ¿#%!'0ﬀ2405%ﬂRq"#%/}!$#}ﬀ.":%<`/+ﬀ>W;/2£!'ﬀ>ﬂ 0I
G»Q.5cÁ?!$ﬂ.!$#Dﬂ.!'5£W;KL!'ﬀ/=*-KL!'1010"!'5?/%!'ﬀ
n−T
O²Aﬃ!'5?/%!',9*M*-5%!!'0ﬀ>!f`0&@7.1N*-/?"W;ﬀ>#?5%!$:=<.ﬀ]7.ﬀ.IVﬂ 7.5%:=<.6$7 G Q.< O
5%!'ﬀcR7.&Ëﬂ.!'ﬀJW;5?<>!'5?IJ!$#=*-IM/%!'ﬀAﬃ!'5?/%!'Ka!'5%!'":%<©*-K.6$7>ﬂ.!$:=XJ!'ﬀcb3f!'5[f5?7.ﬀ>ﬂﬂ>*±G»Q.5B"#?/SRÇﬂ>*;#%#B!'0ﬀ
^_W`ﬂ.!'101s&[0/F!'0ﬀ>!'5fEﬀ G²*-ﬀ.IJ#?/%!'01":=<>!'ﬀ>ﬂ ":%<]/%!BJW;ﬀ_Ka!'"#?,."!'1"#?2!'"#=!
104 cm−3
0ﬀﬂ.!'5F"#%W;/?<>!'5?&\!'ﬀ
(FW;ﬀ]/?5=*-XY/?"W;ﬀ>#?,.<9*;#%!§0ﬀ­L!'ﬀ]/?5?7.&Q.Ka!'5
109 cm−3
!'5?5%!'":%<`/SRKL!'JW;5[ﬂ "!AﬃW;10XJ!W;,./?"#%:%<­ﬂ ":=X
2405%ﬂb
;"+ ﬂ	
	 /"-4PﬁH"4&4&X//!)2-ﬁ2-ﬂ/ 2-	
,-I KM2-ﬂﬁH"-4D4&ﬂ TV!ﬂ  (
	Q 	 
ﬁRﬂ/
5#) $DﬂBQ5#)S$& b]e/ﬁJﬃ ﬂ!#"%$D!D/!&/
5#)Y
ntot [cm
−3]
T [K] 104 105 106 107 108 109
´]¯M¯ ×;ÓM¾M½ b¨½MÉ ½MÓMÓ-´>b ´]¾ ×;ÓM¾ b¨½MÓ ½MÓMÓ b ´]³ ×;Ó b¨¾M½ ½MÓ b¨Ó-´
½M¯M¯ ½M® ÒS¯ b¨¯MÓ ¾M½M³ b¨ÓJ× ½M® ÒMb¨¯M¯ ¾M½ b¨³-´ ½M® b0ÒS¯ ¾ b¨½M³
ÒS¯M¯ ÉM½M½ b ×;É ½MÉ ÒMb¨¾ Ò ÉM½ b¨½M¾ ½MÉ b0ÒS¾ É b¨½MÓ ½ b¨ÉM½
³M¯ ÓM½M® b¨½M³ ÒS¯MÓ b0Ò × ÓM½ b¨®MÓ ÒS¯ b¨ÓM½ Ó b¨½M® ÒMb¨¯MÓ
ÒS¯ ½MÉ b0ÒS¾ É b¨½MÓ ½ b¨ÉM½ ¯ b¨ÉM½ ¯ b¨½MÉ ¯ b¨¯MÉ
×;É
    " 		
 #ﬂd"  	 	ﬁ(ﬂ 	 		 
& ﬁ ﬃNﬁ
 p0@9D/Q A-oSp0@PL B)L A2J0ACB)D D @9L0AC@ E9J0L
}"!,.5?0&\W;5%ﬂ N*-1"!4*;#?&["#%:=<]7.ﬀ.IFKL!$#?/=*-ﬀ>ﬂZ*-7>#cAC*;#%#%!'5%#%/%W*)RSf!'7./%!'5?07.&ºR±ÌF!'1007.&·7.ﬀ>ﬂZÅ0/?<.07.&ºb
ﬁ&{:%<>!'&["#=:%<>!'ﬀF!'/?6$2£!'5?X»Eﬀ.<9*-ﬀ.Iu¸4¡sXJ;ﬀ.ﬀ>!'ﬀﬂ "!}`,a!'6$"!$#
H
R
H+
R
H−
R
Hortho2
R
Hpara2
R
H+2
R
H+3 	 D
R
D+
R
D+
R
D
R
HD+
R
H2D
+
	
He
R
He+
R
He++
R
He+2
R
HeH+
	
Li
R
Li+
R
Li++
R
Li+++
R
Li−
R
LiH
R
LiH+
R
LiH−
	
e−
7.ﬀ>ﬂ¢<>W;/%W;ﬀ>!'ﬀJW;5?XJW;&[&\!'ﬀcb
}"!`0&@7.1N*-/?"W;ﬀ>#%5%!$:%<.ﬀ]7.ﬀ.I[XM*-ﬀ.ﬀ[&[0/Ka!'10"!'K.0IJ!'ﬀVEﬀ G²*-ﬀ.IJ#?2£!'5?/%!'ﬀ
ni
IJ!$#%/=*-5?/%!'/32!'5%ﬂ.!'ﬀ
	
ﬂ>*-KL!'
247.5%ﬂ.!'ﬀUﬂ "!V5¤G²*-<.5?7.ﬀ.IJ!'ﬀÐ*-ﬀ>ﬂ.!'5%!'5B*;#?/?5%WY:%<>!'&["#%:=<>!'ﬀf!'K."!'/%!_ 6JbÃ¸fb,.5%W;/%W;,.1N*-ﬀ>!'/=*-5%!ºY:%<>!'ÎO
Ka!'ﬀq¡Ka!$#?/=8-/?0IM/SR.Ka!'sﬂ.!'ﬀ>!'ﬀ_!'0ﬀºﬀ.":%<`/F7.ﬀ`KL!$ﬂ.!'7./%!'ﬀ>ﬂ.!'5-Ç!'01ﬂ.!'5FŁF!$:%<>!'ﬀ.6S!'0/}IJ!'K.5=*-7>:%<]/f2405%ﬂR
7.& 6$7.ﬀ98;:%<>#?/!'0ﬀ>!'ﬀ«q7>#?/=*-ﬀ>ﬂ¥ﬀ9*-<>!ﬂ.!$##?/=*-/?"W;ﬀ98-5%!'ﬀ·}1"!'":%<.IJ!'24":=<]/%#§Ka!'6$Q.IM10":%<«ﬂ.!'5¹<>!PO
&["![6$7ﬃ!'5?5%!'":=<>!'ﬀcRÇKa!'JW;5+ﬂ.!'5@!'0IJ!'ﬀ`/?10":%<>!,.5%W;/%WM#?/%!'101N*-5%!V(FW;101N*-,>#+Ka!'IM0ﬀ.ﬀ]/SRÇﬂb <cbÇ!'0ﬀ>!\¢<9*;#%!MR
ﬂ "![,.<`¼Y#%0X;*-10"#%:=<ﬃ7.ﬀ]Ka!$ﬂ.!'7./%!'ﬀ>ﬂﬃ"#%/SbE7>#+ﬂ "!$#=!'&Ô}5?7.ﬀ>ﬂ¿247.5%ﬂ.!'ﬀCﬂ "!VEﬀ G²*-ﬀ.IJ#?2!'5?/%!Vﬂ.!'5
ni
#?/%!'/%##%WUIJ!'2£8-<.10/SRﬂ>*;#=#§#?"!_0ﬀ·ﬂ.!'5º}8-<>!¿ﬂ.!$#f1"!'":%<.IJ!'24":%<`/%#_1N*-IJ!'ﬀcb40ﬀ>!C*-ﬀ>ﬂ.!'5%!¿AC*-<.1
ﬂ.!'5:=<>!'&["#%:%<>!'ﬀEFﬀ G²*-ﬀ.IJ#?6$7>#=*-&[&\!'ﬀ>#%!'/?6$7.ﬀ.I[G»Q.<.5?/6$7§ﬀ>ﬂ.!'5?IJ!'K.ﬀ."#%#%!'ﬀcR>ﬂ "!#%":%<K."#*-7 Gﬂ "!
,.<`¼Y#?0XM*-10"#%:=<7.ﬀ`KL!$ﬂ.!'7./%!'ﬀ>ﬂ.!fEFﬀ GH*-ﬀ.IJ#%,.<9*;#%!ﬀ.":=<]/JW;ﬀ>!'0ﬀ9*-ﬀ>ﬂ.!'57.ﬀ]/%!'5%#%:=<>!'"ﬂ.!'ﬀcR.#%W;ﬀ>ﬂ.!'5?ﬀﬀ]7.5
ﬂ "!AC*-<.17.ﬀ.IJ!$!'0IMﬀ>!'/%!'5§Eﬀ G²*-ﬀ.IJ#?2£!'5?/%!º24"ﬂ.!'5%#?,."!'IJ!'10/SR#%W¿24"!JW;ﬀ¥Ł0,9*-&\W;ﬀ]/?F!'/*-1²b¬¨³M¯±°
Ka!$#%:%<.5?"!'Ka!'ﬀcb


L5L#@m%@ L0@m Q@
}"!f0ﬀ.ﬀ>!'5%!+ﬀ>!'5?IM"!+2405%ﬂºﬂ 7.5%:%<EFﬀ.I]*-Ka!fJW;ﬀ8-Ç!'&[,a!'5=*-/?7.57.ﬀ>ﬂº:=<>!'&["#%:%<>!'5q7>#=*-&[&\!'ﬀ>#%!'/¤O
6$7.ﬀ.Iﬂ 7.5%:%<Ðﬂ "!`7.&[&\!ﬂ.!'5@/?<>!'5?&["#=:%<>!'ﬀÐ7.ﬀ>ﬂ:=<>!'&["#%:%<>!'ﬀﬀ>!'5?IM"!¿²}1"!'":=<]7.ﬀ.IJ!'ﬀ·H½ b0ÒS¾J¡
K."#@H½ b0ÒSÉJ¡40ﬀºEK>#=:%<.ﬀ.0/?/F½ b¨Ó b¨½VY!'0/%!ZÓM³J¡G»!$#%/?IJ!'1"!'IM/Sb
7E+m%BYpRJ0L>ACE+m%B)L0A+kﬀmGE
}"!§EFﬀ GH*-ﬀ.IJ#?2£!'5?/%!G Q.5V`/?5=*-<.107.ﬀ.IJ#%!'ﬀ>!'5?IM"!7.ﬀ>ﬂ­`/?5=*-<.107.ﬀ.IJ#¤Õ>7>#%#H¯ bK.6$2+b4ÒMb^_W;&\!'ﬀ]/Vﬂ.!'5
ﬁﬀ]/%!'ﬀ>#?0/=8-/
I
EK>#=:%<.ﬀ.0/?/Z½ b¨½ b0ÒY!'0/%!\½M®J¡f247.5%ﬂ.!'ﬀ*-7 Gﬂ.!'ﬀ¿Aﬃ!'5?/Z!'0ﬀ>!$#+#%:%<`2£*-5?6S!'ﬀ`/?5=*-<.1"!'5%#
K.6$2+b>F7.101cIJ!$#%!'/?6$/
J =
σ
pi
T 4
H = 0.
q24"#%:=<>!'ﬀZ6$2£!'Yﬁﬀ]/%!'IM5=*-/?"W;ﬀ>#=#%:%<.5?0/?/%!'ﬀB2405%ﬂ@ﬂ "!`/?5=*-<.107.ﬀ.IJ#?/?5=*-ﬀ>#?,aW;5?/?IM1"!'":%<`7.ﬀ.IG Q.5ﬂ.!'ﬀ@IM5=*-7 O
!'ﬀÐ9*-101£IJ!'1"M#?/»EFﬀ.<9*-ﬀ.I¿Ef¡7.ﬀ>ﬂ*-7>#Bﬂ.!'ﬀ!'5?<9*-10/%!'ﬀ>!'ﬀ^_W;&\!'ﬀ]/%!'ﬀﬂ "!Dﬂ.ﬂ 0ﬀ.IM/%W;ﬀ GH*-XY/%W;5%!'ﬀ
fEdd
²}1"!'":%<`7.ﬀ.I»EZb¨Ó-´`¡?¡7.ﬀ>ﬂ
gEdd
²}1"!'":=<]7.ﬀ.IH³ b ´`¡%¡Ka!$#?/?0&[&Z/SR`ﬂ "!0& ﬀ98;:%<>#?/%!'ﬀﬁﬀ]/%!'IM5=*±O
/?"W;ﬀ>#%#=:%<.5?0/?/Ka!'ﬀ]7./?6$/2!'5%ﬂ.!'ﬀcb

B EC@m QB J0L7EGQ L0@9L
}"![ÀF,9*-6$0/=8-/
κ
"#?/f!'0ﬀ>!u.7.ﬀ.X`/?"W;ﬀ¿ﬂ.!'5f:%<>!'&["#%:=<>!'ﬀq7>#=*-&[&\!'ﬀ>#%!'/?6$7.ﬀ.I>R}":%<`/%!B7.ﬀ>ﬂ -s!'&BO
,a!'5=*-/?7.5V»EK>#=:%<.ﬀ.0/?/Z½ b¨Ó b0Ò ¡Pbf!'5@*-XY/?7>!'101"!BAﬃ!'5?/2405%ﬂ6$24"#%:%<>!'ﬀﬃ6$2£!'3ﬀ`/%!'IM5=*-/?"W;ﬀ>#%#%:=<.5?0/?/%!'ﬀ
&[0/Dﬂ.!'ﬀ+Á¤!'2£!'01"#Dﬀ>!'7>!$#?/%!'ﬀVAﬃ!'5?/%!'ﬀVJW;ﬀ ﬀ
i
K.6$2+b
ρ
7.ﬀ>ﬂ
T
Ka!'5%!$:%<.ﬀ>!'/7.ﬀ>ﬂ[0&ÆGHW;10IJ!'ﬀ>ﬂ.!'ﬀﬁﬀ]/%!PO
IM5=*-/?"W;ﬀ>#%#=:%<.5?0/?/Ka!'ﬀ]7./?6$/Sbq3#4247.5%ﬂ.!'ﬀG Q.5ﬂ 5%!'Ç8-101"!@`0&Z7.1N*-/?"W;ﬀ>#?5%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀCﬂ 7.5%:%<.IJ!PG»Q.<.5?/Z+
¾M¯
"	%  #ﬁ   
  &V 	
ﬂﬁ!!#	ﬁ(
• κe−
+;7.5ﬂ.!'51"!'X`/?5%W;ﬀ>!'ﬀ`KL!'0/?5=*-IZ6$7.5DÀF,9*-6$0/=8-/247.5%ﬂ.!KL!'ﬀ`7./?6$/SbMF"!ÀF,9*-6$0/=8-/"#?/*-1"#%W
XJW;ﬀ>#?/=*-ﬀ]/Sb-3#IM010/
κP = κR = κe− = 0.348 cm
2 g−1
"#?/Sb$}"!$#%!'5Ç#?/=*-5?X}J!'5%!'0ﬀ GH*;:=<]/%!9*-101
"#?/ﬀ.":%<`/5%!S*-10"#?/?"#=:%<cR>ﬂ "!'ﬀ`/}*-Ka!'546$7º3!'5?IM1"!'":%<>#¤O£7.ﬀ>ﬂ -Ç!$#?/?6$2£!$:%XJ!'ﬀcb
• κPopI
+F"!_ÀF,9*-6$0/=8-/\247.5%ﬂ.!§&[0/?/%!'1"#V!'0ﬀ>!'5*-ﬀ9*-10¼`/?"#%:=<>!'ﬀ¥0/¤GHW;5?&\!'14G Q.5\ﬂ>*;#VŁWM#%#%!PO
1N*-ﬀ>ﬂ &[0/?/%!'1f²}1"!'":=<]7.ﬀ.I­H½ b0Ò'´`¡%¡}IJ!'ﬀ98-<>!'5?/Z7.ﬀ>ﬂ
κP = κR
IJ!$#%!'/?6$/Sbc}"!$#%!VŁ!$:%<.ﬀ`7.ﬀ.IJ!'ﬀ
ﬂ "!'ﬀ>!'ﬀBﬂ.!'&¶3!'5?IM1"!'":%<[ﬂ.!'5ﬀ]/ﬁ24":%XY107.ﬀ.IJ!'ﬀ\JW;ﬀ@,.5?0&\W;5%ﬂ N*-1"!'ﬀ[7.ﬀ>ﬂZ¢sW;,>c¢35%W;/%WM#?/%!'5?ﬀ>!'ﬀcb
• κPopI
+
κR
2405%ﬂªG Q.5§M*-5?N*-K.1"!¿Aﬃ!'5?/%!¿JW;ﬀ
ρ
7.ﬀ>ﬂ
T
*-7>#§/=*-KL!'1010"!'5?/%!'ﬀ¶Aﬃ!'5?/%!'ﬀ·JW;ﬀ
^_*S¼J!'5\¬¨ÓM³-°0ﬀ]/%!'5?,aW;10"!'5?/SR2W;Ka!'
κR
7.ﬀ`/%!'5+ﬂ.!'5+Eﬀ.ﬀ9*-<.&\!MRﬂ>*;#=#}#%":%<ﬃﬂ>*;#},.5?0&\W;5%ﬂ N*-1"!
*;#u
Z = 0
¡G»Q.5Fﬂ.!'ﬀIJ!'IJ!'KL!'ﬀ>!'ﬀ
ρ
O
T
O²Aﬃ!'5?/0&:%<>!'&["#%:=<>!'ﬀC}1"!'":%<.IJ!'24":=<]/fKL!PÑ>ﬀ>ﬂ.!'/SR
KL!'5%!$:=<.ﬀ>!'/u2405%ﬂb9*-101"#Bﬂ.!'5@Aﬃ!'5?/uJW;ﬀ-Ç!'&[,a!'5=*-/?7.5u7.ﬀ>ﬂ -WYﬂ.!'5BF":=<]/%!ﬀ.":%<`/B0&Ë}Q.1ÎO
/?0IMXJ!'0/%#?KL!'5%!'":=<©ﬂ.!'5[ﬀ`/%!'5?,LW;1N*-/?"W;ﬀ>#%/=*-KL!'101"!'ﬀ10"!'IM/»#SbY!'0/%!§Ó Ò ¡PR2405%ﬂUﬂ.!'5[Ł}*-ﬀ>ﬂ 2!'5?/
KL!'ﬀ`7./?6$/Jbf*;#[¢31N*-ﬀ>:%XY&[0/?/%!'1Fﬂ.!'5VÀF,9*-6$0/=8-/\XM*-ﬀ.ﬀ*-ﬀ9*-1"W;I¿6$7
κR
WYﬂ.!'5u6$7>#h8-/?6$10":%<­0ﬀ
EK.<98-ﬀ.IM0IMXJ!'0/}ﬂ.!'5F*-X`/?7>!'101"!'ﬀ:%<>!'&["#%:=<>!'ﬀ¿q7>#=*-&[&\!'ﬀ>#=!'/?6$7.ﬀ.IVKa!$#?/?0&[&@/2£!'5%ﬂ.!'ﬀcb
f!'5F5?7>:=X©2405%ﬂ«*-7>#ﬂ.!'5§q7>#?/=*-ﬀ>ﬂ.#%IM1"!'":%<]7.ﬀ.I¥!'0ﬀ>!$#"ﬂ.!S*-1"!$#º*;#=!$#_²}1"!'":=<]7.ﬀ.I¶H½ b0ÒS³J¡V0ﬀ
EFK>#%:%<.ﬀ.0/?/f½ b¨Ó b¨½J¡£Ka!'5%!$:%<.ﬀ>!'/Sb
   7ﬀ=,ﬃ; &>,=8ﬀ4!#14ﬀ4! &>ﬀ
}"!3Ł}*-ﬀ>ﬂ KL!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀB#?0ﬀ>ﬂfﬀ.":%<`/sﬀ`7.5GHW;5?&V*-1"!D¸!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀ@7.&µ!'0ﬀ>!Ł!$:=<.ﬀ]7.ﬀ.IQ.Ka!'5?<9*-7.,./
ﬂ 7.5%:=< G Q.<.5%!'ﬀ­6$7XJ;ﬀ.ﬀ>!'ﬀcR#%"!#%0ﬀ>ﬂU#%/%!'/%#B*-7>:=<©!'0ﬀ -Ç!'01ﬂ.!$#B,.<`¼Y#?0XM*-10"#%:=<>!'ﬀ©¢5%W;K.1"!'&\#SRﬂ "!
/%!'0102£!'"#%!@ﬂ.!$#%#=!'ﬀº0IJ!'ﬀ>#%:%<9*±G»/%!'ﬀºGH!$#?/?1"!'IJ!'ﬀcb


L5L#@ LUm B)L#M
*;#ZL!'ﬀ`/?5?7.& ﬂ.!$#uÀFK Á?!'XY/%##%W;101Dﬂ 7.5%:%<!'0ﬀ>!'ﬀﬃIJ!$W;&\!'/?5?"#%:%<>!'ﬀÐ¢7.ﬀ.XY/+IJ!'IJ!'Ka!'ﬀC#%!'0ﬀcRﬂ.!'5+0&
ŁF!$:%<>!'ﬀ.IM0/?/%!'5ºﬂ 7.5%:%<Èﬂ.!'ﬀÈﬁﬀ>ﬂ.!P
m = 0
ﬂ.!PÑ>ﬀ."!'5?/2405%ﬂb£D#"#%/,.<`¼Y#?0XM*-10"#%:=<«#%0ﬀ.ﬀ]JW;101f6$7
GHW;5%ﬂ.!'5?ﬀcRﬂ>*;#%#Bﬂ "!F":=<]/%!*-ﬀﬂ "!$#%!'5V`/%!'101"!!'0ﬀ>!'ﬀﬀ.":%<`/?J!'5%#%:%<`240ﬀ>ﬂ.!'ﬀ>ﬂ.!'ﬀcR!'ﬀ>ﬂ 10":%<>!'ﬀ­Aﬃ!'5?/
<9*-Ka!'ﬀ#%W;101²R.ﬂ>*-<>!'5IJ!'<`/&[0/
m → 0
*-7>:=<
r → 0
+
r0 = 0
u0 = 0
m0 = 0.
3#IM0K./40&L!'ﬀ]/?5?7.&ÊXJ!'0ﬀ>!Z`/?5=*-<.107.ﬀ.IJ#`7>!'101"!Mb
PJ@9L`m B)L#M
}"!+ÅÇ*-IJ!@ﬂ.!$#E7.TJ!'ﬀ.5=*-ﬀ>ﬂ.#F2405%ﬂº#%WuGH!$#?/?IJ!'1"!'IM/SR>ﬂ>*;#=#*-&Ê8-7.TJ!'5%#?/%!'ﬀ¢37.ﬀ.X`/
rN
ﬂ "!@f!$#h*-&@/¤O
&V*;#%#=!
Mtot
!'0ﬀ.IJ!$#%:%<.1"WM#%#=!'ﬀ[2405%ﬂbM}!'5EF7.TJ!'ﬀ.5=*-ﬀ>ﬂB2405%ﬂZG»!$#?/?IJ!'<9*-10/%!'ﬀcR;2£!'IJ!'ﬀ\ﬂ.!'5>W;5%ﬂ.!'5?7.ﬀ.I
X:VG_H	=GIH <?HO
ﬃ
>L< S*\IS*>RQ
g>LE^ >RQ G_OPYFQ YKADC':=<?WXS5OP><?\IA*<?H;<?>RQ;O bDCF<?>^DGL< O T_O0TIA*CK>RQ;O H;< W S!CKGIAKA(AK<?WXS5OE>LSFQ
ﬃ
>L<BOP< > >RQ
1>LE^ >XQ G_OPYKQ=Y*ADC7:=<?W SZOP>J< HO CF<?>^DGL< O T_O \,SKA*>LSK< AH;>LSFQ
a($
>L<?AYKADCCK>RQN>RAZOPH;^FQP>LW S*>LA*CK> >RQP>L<?WXS
CK>RQ.`	\
$ a
> \I^KOP<?H;W S7C*AKA
f
:=<?>.\,E
ﬃ
<?ADG_OP<?\IA!S*\IS*>
1>L<
$
WXSK>LADCF<?WXS5OP> Y*ADC(OP< > >
g>LE^ >RQ G_OPYFQ0\ZCK>RQY*EU,>
a
>LSKQ;O
a
\,EE O AK< W S5O []\IQ
f
¾ Ò
    " 		
 #ﬂd"  	 	ﬁ(ﬂ 	 		 
& ﬁ ﬃNﬁ
ﬀ9*;:=<^*;#%#%!'ﬀ>!'5?<9*-10/?7.ﬀ.IVﬂ>*-5¤GXJ!'0ﬀº^*-/%!'5?N*-1cQ.KL!'5Fﬂ.!'ﬀE7.TMﬀ>!'5=*-ﬀ>ﬂ!'0ﬀ OW`ﬂ.!'5*-7>#?Õ>"!'TJ!'ﬀ +
rN = Rtot = const
uN = 0 = const
mN = Mtot= const.
f!'5E7.TJ!'ﬀ.5=*-ﬀ>ﬂ\KL!'IM5%!'ﬀ.6$/3ﬂ>*;#ﬁﬀ]/%!'IM5=*-/?"W;ﬀ>#?IJ!'K."!'/
	
!$#<9*-ﬀ>ﬂ.!'10/3#?":%<[ﬀ.":=<]/37.&Æﬂ "!ÀFKa!'5¤Õq8;:%<>!
ﬂ.!$#¢35%W;/%WM#?/%!'5?ﬀ>#Sb
ﬁﬀºﬂ.!'58-7.TJ!'5%#?/%!'ﬀ_Y:%<9*-1"!+2405%ﬂXJ!'0ﬀ>!+Åc!'7>:%<`/?X`5=*±G»/!'5?6S!'7.IM/Sb>}"!EFK>#?/?5=*-<.107.ﬀ.I\Q.Ka!'54ﬂ.!'ﬀºE7 O
TJ!'ﬀ.5=*-ﬀ>ﬂB!'ﬀ]/%#%,.5?":%<]/ﬂ.!'&¶K."#6$7.5JW;5?1"!'/?6$/%!'ﬀ\Y:=<9*-1"!
N−1
¡Ç!'5?6S!'7.IM/%!'ﬀcR;7.&ﬂ "!IJ!$W;&\!'/?5?"#%:%<>!
3!'5%ﬂ Q.ﬀ.ﬀ`7.ﬀ.IJ!'5?5?0ﬀ.IJ!'5?/%!'ﬀ¿`/?5=*-<.107.ﬀ.IJ#%#?/?5%W;&ºb
}"!@8-7.TJ!'5%!+Ł}*-ﬀ>ﬂ KL!$ﬂ 0ﬀ.IM7.ﬀ.IVG Q.5ﬂ "!@`/?5=*-<.107.ﬀ.IJ#%&\W;&\!'ﬀ]/%!u1N*-7./%!'/
0 =JN −
1
2B(Trad)− (HN +
1
4B(Trad))
gEdd
0 =− (r2NHN − r
2
N−1HN−1)− ρNκP (JN − SN ),
2£W;KL!'Çﬂ.!'5F3ﬂ.ﬂ 0ﬀ.IM/%W;ﬀ GH*-XY/%W;5
gEdd =
H˜N +
1
4B(Trad)
J˜N −
1
2B(Trad)
H³ b ´`¡
&[0/§ﬂ.!'ﬀÈ^W;&\!'ﬀ`/%!'ﬀ
J˜
7.ﬀ>ﬂ
H˜
R£ﬂ "!¿*-7>#ﬂ.!'5ÅÇM#?7.ﬀ.Iﬂ.!'5º`/?5=*-<.107.ﬀ.IJ#%/?5=*-ﬀ>#?,LW;5?/?IM1"!'":=<]7.ﬀ.I
5%!$#?7.10/?"!'5%!'ﬀcR9KL!'ﬀ`7./?6$/2!'5%ﬂ.!'ﬀ7.ﬀ>ﬂ
B(Trad) =
σ
pi
T 4rad
H³ b¨³J¡
ﬂ "!F(f05%:%<.<>W*)LO¢1N*-ﬀ>:%X`O.7.ﬀ.XY/?"W;ﬀﬂ.!$#£`/?5=*-<.107.ﬀ.IJ#¤GH!'1"ﬂ.#SR`0ﬀﬂ>*;#ﬂ "!AﬃW;10XJ!!'0ﬀ.IJ!'Ka!'/?/%!'/£"#?/SRM"#?/Sb
 M5B k#EGQ @2A ? Q E EC@m
}7.5%:%<ﬂ>*;#[*;ﬂ>*-,./?0J!º}0/?/%!'5SRﬂ>*;#u<."!'5Zﬀ9*;:=<­}W;5¤Ñ­ÄÊF5?7.5?¼¥¬0Ò'´M°»EFK>#%:=<.ﬀ.0/?/u´>b¨ÓJ¡PRs0&[,.1"!PO
&\!'ﬀ`/?"!'5?/\247.5%ﬂ.!MR2405%ﬂﬂ "!§ÅÇ*-IJ!§ﬂ.!'5[5=*;ﬂ N*-1"!'ﬀ¥`/?Q./?6$,.7.ﬀ.XY/%!ºﬂ 7.5%:%<­!'0ﬀ>!§^_W;ﬀ.0/%W;5¤G 7.ﬀ.XY/?"W;ﬀ
M
#%W@IJ!$#%/%!'7>!'5?/SRYﬂ>*;#=#28-<.5%!'ﬀ>ﬂ§ﬂ.!'5`0&@7.1N*-/?"W;ﬀ>#?5%!$:=<.ﬀ]7.ﬀ.I!'ﬀ]/%#?/%!'<>!'ﬀ>ﬂ.!@`/?5?7.XY/?7.5%!'ﬀ*-7 Õ9M#?/
2£!'5%ﬂ.!'ﬀ\XJ;ﬀ.ﬀ>!'ﬀcbM}7.5%:%<Vﬂ "!0ﬀ G»Q.<.5?7.ﬀ.I@ﬂ.!$#3*;ﬂ>*-,./?0J!'ﬀ}0/?/%!'5%#&ZQ>#%#%!'ﬀ\ﬂ "!ŁF*-ﬀ>ﬂ Ka!$ﬂ 0ﬀ.IM7.ﬀ O
IJ!'ﬀ1"!'":%<]/&\W`ﬂ ÎÑ>6$"!'5?/£2!'5%ﬂ.!'ﬀcb`f!'5
PJ@9L`m%B)L0M
2405%ﬂ[6S!'0/?10":%<7.ﬀ>ﬂ[5=8-7.&[10":=<VGH!$#?/?IJ!'<9*-10/%!'ﬀ
	
#%W 2W;<.1*;#¤O*-1"#*-7>:=<}0/?/%!'5?IJ!$#%:=<]240ﬀ>ﬂ 0IMXJ!'0/f&@Q>#=#%!'ﬀ*-ﬀºﬂ "!$#%!'5}`/%!'101"!@7.101c#%!'0ﬀ +
∂trN = ∂tRtot = 0
H³ b¨®J¡
uN = u
rel
N = 0.
H³ b ×M¡
3#XM*-ﬀ.ﬀ*-1"#%W+XJ!'0ﬀ^_*-/%!'5?N*-1qQ.KL!'5ﬂ.!'ﬀEF7.TJ!'ﬀ.5=*-ﬀ>ﬂ\Õ>"!'TJ!'ﬀcRYﬂ>*;#3ﬀ`7.&\!'5?"#%:%<>!}3!'5¤G²*-<.5%!'ﬀ#?/%!'1010/
ﬀ9*;:=<24"!fJW;5ﬂ "!+^*;#%#%!'ﬀ>!'5?<9*-10/?7.ﬀ.IVK."#*-7 G3Ł7.ﬀ>ﬂ 7.ﬀ.IJ#¤GH!'<.1"!'5#?":=<>!'5Sb
EF& 

L5L#@ LUm B)L0M
2405%ﬂ_ﬀ.":=<]/&\!'<.5fﬂ "!ZÅÇ*-IJ!MRa#%W;ﬀ>ﬂ.!'5?ﬀ¿ﬂ "!u^_*;#=#%!+0ﬀ.ﬀ>!'5?<9*-10Kﬃﬂ.!$#F0ﬀ.ﬀ>!'5%#?/%!'ﬀ
`/?Q./?6$,.7.ﬀ.XY/%!$#GH!$#?/?IJ!'<9*-10/%!'ﬀcR>ﬂb <cb
∂tm1 = ∂t
(
1
3
ρ1r
3
1
)
= 0.
H³ b¨¾J¡
¾M½
"	%  #ﬁ   
  &V 	
ﬂﬁ!!#	ﬁ(
*;ﬂ 7.5%:%<"#?/Dﬂ.!'50ﬀ.ﬀ>!'5%#?/%!5=*;ﬂ N*-1"!`/?Q./?6$,.7.ﬀ.XY/Dﬀ.":%<`/&\!'<.5D5=8-7.&[10":%<GH!$#?/SbJ}7.5%:%<!'0ﬀ>!IJ!$!'0I;O
ﬀ>!'/%!AC*-<.1sJW;ﬀ
m1
2405%ﬂ#%W[#%":%<>!'5?IJ!$#?/%!'1010/SRqﬂ>*;#%#ﬂ "!+EF7 Õ9M#?7.ﬀ.I\0&Â6S!'ﬀ`/?5=*-1"!'ﬀ_¸!'5%!'":=<#?/%!'/%#
*-7>#?5%!'":=<]/47.&ﬂ.!'ﬀ§!'ﬀ]/%#?/%!'<>!'ﬀ>ﬂ.!'ﬀº¢5%W;/%WM#%/%!'5?ﬀﬂ>*-5?6$7>#%/%!'101"!'ﬀcb.F"!}Ł!'1N*-/?0YIJ!$#%:=<]240ﬀ>ﬂ 0IMXJ!'0/F*-&
!'5%#?/%!'ﬀÐ}0/?/%!'5?,.7.ﬀ.X`/Z&@7>#%#@J!'5%#%:%<`240ﬀ>ﬂ.!'ﬀcRsﬂ.!'ﬀ.ﬀU*-7 G IM5?7.ﬀ>ﬂﬂ.!'5@>W;5%ﬂ.!'5?7.ﬀ.Iﬀ9*;:=<^*;#%#%!'ﬀ>!'5¤O
<9*-10/?7.ﬀ.Iºﬂ>*-5¤G£*-7>:=<¿Q.KL!'5fﬂ.!'ﬀ¿ﬀ.ﬀ>!'ﬀ.5=*-ﬀ>ﬂXJ!'0ﬀ¿^*-/%!'5?N*-1Õ>"!'TJ!'ﬀ
	
ﬂ "!$#fKa!$ﬂ.!'7./%!'/+*-KL!'5}ﬀ.":%<`/SR
ﬂ>*;#%#fﬂ "!\*;#?IJ!$#=:%<]240ﬀ>ﬂ 0IMXJ!'0/u*-ﬀ_ﬂ "!$#%!'5@`/%!'101"!BF7.101#%!'0ﬀ_&@7>#=#SR924"!B!$#}Ka!'^_W`ﬂ.!'101"!'ﬀ¿W;<.ﬀ>!
Ka!'2!'IM/%!'ﬀ_ﬀ.ﬀ>!'ﬀ.5=*-ﬀ>ﬂºﬂ.!'5F9*-101Ç#%!'0ﬀ§&ZQ>#%#?/%! +
urel1 = u1 − u
g
1 = 0.
  ﬁ<<! & &>8ﬀ4&>")1 ,ﬃ&>ﬀ ﬁﬀ4ﬂ  ﬀ4!#",4&><<&>ﬀ
}"!+EFﬀ GH*-ﬀ.IJ#%&\W`ﬂ.!'101"!2£!'5%ﬂ.!'ﬀ§GHW;10IJ!'ﬀ>ﬂ.!'5?&V*-TJ!'ﬀXJW;ﬀ>#?/?5?7."!'5?/Z+
•
-s!'&[,L!'5=*-/?7.5
Tinit
7.ﬀ>ﬂ -s!'01":%<>!'ﬀ>ﬂ ":=<]/%!'ﬀ
ni,init
ﬂ.!'540&
^_W`ﬂ.!'1016$7Ka!'5?Q>:%X #?":%<`/?0IJ!'ﬀ>ﬂ.!'ﬀ
`,L!'6$"!$#
i
2!'5%ﬂ.!'ﬀ¿IJ!'28-<.10/SRﬂ>*-&[0/f"#?/}ﬂ "!	3J!S*-ﬀ>#%&V*;#%#%!uﬀ9*;:%<C}1"!'":=<]7.ﬀ.IUH³ b¨½J¡GH!$#?/?IJ!PO
1"!'IM/Sb3& !'0ﬀ>!CH*-ﬀ GH*-ﬀ.IJ#P¡uIM5=*$Y0/=*-/?0Ð0ﬀ>#?/=*-K.01"!º(W;ﬀ Ñ>IM7.5=*-/?"W;ﬀª6$7­I]*-5=*-ﬀ`/?"!'5%!'ﬀcRD2405%ﬂ
ﬂ "!f!$#=*-&Z/?&V*;#%#%!ºﬂ.!'5V(f7.IJ!'1F#%WIJ!'2£8-<.10/SRﬂ>*;#%#[0<.5\Aﬃ!'5?/Vﬂ.!'ﬀ¥ﬂ.!'5\!'ﬀ]/%#?,.5%!$:=<>!'ﬀ>ﬂ.!'ﬀ
3J!S*-ﬀ>#?&V*;#%#%!+Q.KL!'5%#?/%!'0IM/Sb
•
}"!D<>W;&\W;IJ!'ﬀ>!D(f7.IJ!'1]2405%ﬂ@#%W40ﬀ
N
Y:%<9*-1"!'ﬀ[*-7 G»IJ!'/%!'010/SR ﬂ>*;#%#cﬂ "!D5=*;ﬂ N*-1"!'ﬀB`/?Q./?6$,.7.ﬀ.XY/%!
6$24"#%:%<>!'ﬀ©ﬂ.!'&  JW;5?IJ!'IJ!'Ka!'ﬀ>!'&¡Bﬁﬀ.ﬀ>!'ﬀ.5=*;ﬂ 07>#
r1
7.ﬀ>ﬂﬂ.!'&E7.TJ!'ﬀ.5=*;ﬂ 07>#
rN = Rtot
²}1"!'":%<`7.ﬀ.I¿H³ b¨ÓJ¡=¡£1"W;I]*-5?0/?<.&["#%:%<8 ]7."ﬂ "#%/=*-ﬀ]/J!'5?/%!'010/F#?0ﬀ>ﬂ+
r1 = 10
−3Rtot
rl = rl−1 · 10log(Rtot/r1)/(N−1) l = 2, . . . ,N − 1.
r1
"#?/f#%WVIJ!'2£8-<.10/SRﬂ>*;#%#}ﬂ "!@K."#}6$7ﬂ "!$#%!'&ŁF*;ﬂ 07>#}!'0ﬀ.IJ!$#%:%<.1"WM#%#=!'ﬀ>!u^*;#%#%!Z#?":%<>!'5f0ﬀ O
ﬀ>!'5?<9*-10KVﬂ.!$#3#?":=<[K.01"ﬂ.!'ﬀ>ﬂ.!'ﬀ`/%!'5?ﬀ>#310"!'IM/SbM¸!'>^_W`ﬂ.!'101"!'ﬀ\W;<.ﬀ>!4:=<>!'&["#%:%<>!Fﬀ]/ﬁ24":%XY107.ﬀ.I
247.5%ﬂ.!
r1 = 10
−3Rtot
IJ!$#=!'/?6$/SR KL!'^_W`ﬂ.!'101"!'ﬀ§!'0ﬀ>#%:=<.10"!'TM10":%<:=<>!'&["#%:%<>!'5Fﬀ]/ﬁ24":%XY107.ﬀ.I
2£*-5
r1 = 10
−4Rtot
b
•
EF&¶EFﬀ G²*-ﬀ.I}ﬂ.!'5Ł!$:%<.ﬀ`7.ﬀ.IfKL!PÑ>ﬀ>ﬂ.!'/#?":%<Bﬂ "!D(f7.IJ!'1Y0ﬀZŁ7.<>!MR±ﬂ "! -Ç!'&[,a!'5=*-/?7.5"#%/ÇXJW;ﬀ O
#?/=*-ﬀ]/SR-!'KL!'ﬀ>#=Wﬂ "!Dﬂ 7.5%:=<uﬂ "! -Ç!'01":%<>!'ﬀ>ﬂ ":=<]/%!'ﬀVﬂ.!'5`,L!'6$"!$#
i
JW;5?IJ!'IJ!'Ka!'ﬀ>!EFﬀ G²*-ﬀ.IJ#?&V*;#¤O
#%!'ﬀ>ﬂ ":%<`/%!
ρinit

mi
"#?/ﬂ>*;#FE/%W;&[IJ!'24":%<`/+ﬂ.!'5}`,L!'6$"!$#
i
¡PR9ﬂb <cb>G Q.5}*-101"!u}0/?/%!'5?,.7.ﬀ.XY/%!

l = 1, . . . ,N
¡IM010/Z+
ul = 0
Tl = Tinit
ρl,init =
∑
i
ni,l,initmi.
F"!^*;#%#%! IJ!'/%!'010/[ﬂ 7.5%:%<
4pi
¡
ml
0ﬀ.ﬀ>!'5?<9*-10K­ﬂ.!$#uŁ}*;ﬂ 07>#
rl
X;*-ﬀ.ﬀÐ1"!'":=<]/[Ka!'5%!$:%<.ﬀ>!'/
2!'5%ﬂ.!'ﬀ +
ml =
1
3
r3l ρl,init l = 1, . . . ,N.
E7>#Bﬂ "!$#%!'ﬀ©}5%;TJ!'ﬀUK.6$2+bﬂ.!'5%!'ﬀ­a*-<.1"!'ﬀ`2!'5?/%!'ﬀ­2£!'5%ﬂ.!'ﬀ­ﬂ "!*-ﬀ>ﬂ.!'5%!'ﬀ¥`/?5?7.XY/?7.5?,9*-5=*±O
&\!'/%!'5
Eint
R
J
R
H
¡F7.ﬀ>ﬂﬃ^_*-/%!'5?N*-1ÎG»7.ﬀ.XY/?"W;ﬀ>!'ﬀª»}5?7>:%XaRsÀF,9*-6$0/=8-/SRÇ^_W;1"!'XY7.1N*-5?IJ!'24":%<]/
7>#?2+b ¡PR.24"!0ﬀºEFK>#%:%<.ﬀ.0/?/f³ b¨½ b0ÒKa!$#%:%<.5?"!'Ka!'ﬀcR GH!$#?/?IJ!'1"!'IM/Sb
¾MÓ
    " 		
 #ﬂd"  	 	ﬁ(ﬂ 	 		 
& ﬁ ﬃNﬁ
•
f!$#?2£!'0/%!'5%!'ﬀ2!'5%ﬂ.!'ﬀUG»Q.5Zﬂ "!,.5=*-X`/?"#%:=<>!E7>#¤G»Q.<.5?7.ﬀ.Iﬂ.!'5uŁF!$:%<.ﬀ]7.ﬀ.IKa!'ﬀ>;/?0IM/Z+sEFﬀ O
6 *-<.1ﬂ.!'5}0/?/%!'5?,.7.ﬀ.X`/%!MRaÅÇ*-IJ!uﬂ.!$#F0ﬀ.ﬀ>!'5%#?/%!'ﬀ¢7.ﬀ.XY/%!$#
r1
R90IJ!'ﬀ>#=:%<9*±G»/%!'ﬀﬂ.!$#f*;ﬂ>*-,./?ÎO
J!'ﬀ_}0/?/%!'5%#Aﬃ!'5?/%!G Q.5ﬂ "!+¢*-5=*-&\!'/%!'5
q1
7.ﬀ>ﬂ
q2
ﬂ.!'5XYQ.ﬀ>#?/?10":%<>!'ﬀº}"#?XJWM#?0/=8-/SR>2W;&[0/
G»!$#?/?IJ!'1"!'IM/2405%ﬂR.24"!+#?/=*-5?Xﬂ.!'5}`/%W;T*-7>#?IJ!$#=:%<.&["!'5?/2405%ﬂb
¾-´
  	



C 

 
+ehg -4yLjx3xyL|frutuvxt
}"!@^_WYﬂ.!'10105%!$:%<.ﬀ]7.ﬀ.IJ!'ﬀKa!'IM0ﬀ.ﬀ>!'ﬀcR924"!@0& JW;5=*-ﬀ.IJ!'I]*-ﬀ.IJ!'ﬀ>!'ﬀ¿(+*-,.0/%!'1KL!$#%:=<.5?"!'KL!'ﬀcR9&[0/F!'ÎO
ﬀ>!'5[5?7.<>!'ﬀ>ﬂ.!'ﬀcRD<>W;&\W;IJ!'ﬀ>!'ﬀ¥(f7.IJ!'14XJW;ﬀ>#?/=*-ﬀ`/%!'5 -Ç!'&[,a!'5=*-/?7.5V7.ﬀ>ﬂ:=<>!'&["#%:%<>!'5§q7>#=*-&[&\!'ﬀ O
#%!'/?6$7.ﬀ.I
4
bs}"![KL!$ﬂ.!'7./%!'/Z7cb¨* b0RÇﬂ>*;#%#Z!$#Z*-&Ô¸£!'IM0ﬀ.ﬀUﬂ.!'5B`0&Z7.1N*-/?"W;ﬀ>#?5%!$:%<.ﬀ`7.ﬀ.I¿ﬀ>W`:=<CXJ!'0ﬀ>!'ﬀ
<`¼Yﬂ 5%WM#?/=*-/?"#=:%<>!'ﬀ§¸!'5%!'":%<IM0K./SR]ﬂ.!'5D&[0/£!'0ﬀ>!'& ¢5%W;/%WM#%/%!'5?ﬀ"ﬂ.!'ﬀ`/?ÎÑ>6$"!'5?/£2£!'5%ﬂ.!'ﬀXJ;ﬀ.ﬀ`/%!Mb`*±O
<>!'5£#%W;101"!'ﬀ\6$7.ﬀ98;:%<>#%/£ﬂ "!¸!'IM5? )!ﬁﬀﬃﬂ ﬁ!"$#&%'()*+-,.$/ﬁﬀ102,435#&/76/98:3<;=,56>6?3ﬂ.!$#D#?":=<V6$7
K.01"ﬂ.!'ﬀ>ﬂ.!'ﬀ¢35%W;/%WM#?/%!'5?ﬀ>#GH!$#?/?IJ!'1"!'IM/42!'5%ﬂ.!'ﬀcR.2£W;KL!'cﬂ.!'ﬀ§JW;ﬀA¿7>:=<]/%!'5?1Ç7.ﬀ>ﬂ -s#%:%<9*-5?ﬀ`7./%!'5Z¬ ×;¯±°
JW;5?IJ!$#%:=<.1N*-IJ!'ﬀ>!'ﬀ_f!PÑ>ﬀ.0/?"W;ﬀ>!'ﬀIJ!PG»W;10IM/2405%ﬂ+
EF1"#sf!'K.7.5?/%#%#%/?7.ﬀ>ﬂ.!Dﬂ.!$#Ç¢35%W;/%WM#?/%!'5?ﬀ>#Ç2405%ﬂZﬂ.!'5L!'0/?,.7.ﬀ.XY/SRS0ﬀ@ﬂ.!'&µﬂ>*;#*;#c0ﬀZﬂ.!'5cAﬃW;10XJ!36$7.&
!'5%#?/%!'ﬀ¿^*-1/?<>!'5?&["#%:%<C*-K.IJ!$#%:=<.1"WM#%#%!'ﬀ¿"#?/SRLﬂb <cbaﬂ "!\`/?5=*-<.107.ﬀ.I§ﬀ.":%<]/@&\!'<.5}0ﬀ¿ﬂ.!'5ÅÇ*-IJ!u"#?/SR
ﬂ 05%!'XY/36$7V!'ﬀ`/2!'":=<>!'ﬀcR IJ!'2£8-<.10/Sb`F"!$#=!'5£L!'0/?,.7.ﬀ.X`/"#?/D!'5?5%!'":=<]/SRY#%W;K9*-1"ﬂ\ﬂ>*;#3ŁFWM#%#%!'1N*-ﬀ>ﬂ &[0/?/%!'1
ﬂ.!'5W;,./?"#=:%<>!'ﬀ -"!PGH!ﬂ.!'ﬀºAﬃ!'5?/
2/3
!'5%#?/?&V*-1"#F!'5?5%!'":%<`/Z+
τR =
∫ R
0
κRρ dr =
2
3

R
"#?/ﬂ.!'5FŁF*;ﬂ 07>#ﬂ.!'5AﬃW;10XJ! ¡Pb H® b0Ò ¡
}"!$#%!4f!PÑ>ﬀ.0/?"W;ﬀ[<9*-/6$2!'924":%<]/?0IJ!0IJ!'ﬀ>#%:%<9*±G»/%!'ﬀ +]!'0ﬀ>!'5%#=!'0/%#D8-ﬀ>ﬂ.!'5?ﬀ\#?":%<\ﬂ "!`/?5?7.XY/?7.5?IM5%-O
TJ!'ﬀ¿ﬂ.!'5}AﬃW;10XJ!Z7.ﬀ>ﬂﬂ>*-&[0/ﬂ "!ZKL!$W;K9*;:=<]/?K9*-5%!'ﬀU}5%;TJ!'ﬀ7.&ﬂ "!$#%!'ﬀCL!'0/?,.7.ﬀ.X`/f<>!'5?7.&#%!'<.5
#%:=<.ﬀ>!'101²R9ﬂb <cb>!$#<9*-ﬀ>ﬂ.!'10/F#?":=<º7.& !'0ﬀ>!'ﬀº2£W;<.1"ﬂ.!PÑ>ﬀ."!'5?/%!'ﬀCL!'0/=*-K>#%:%<.ﬀ.0/?/SbLE7.TJ!'5%ﬂ.!'&Ê"#?/ﬂ "!$#
ﬂ.!'5}G»5?Q.<>!$#?/%!\L!'0/?,.7.ﬀ.X`/SRc*-ﬀ¿ﬂ.!'&!'0ﬀ>![=)!'X`/?0Y/%!'&[,L!'5=*-/?7.5+ﬂ.!PÑ>ﬀ."!'5?/2£!'5%ﬂ.!'ﬀ¿X;*-ﬀ.ﬀcba}"!$#%!'5
^_W;&\!'ﬀ]/fXM*-ﬀ.ﬀ_ﬀ9*-<>!'6$7&[0/fﬂ.!'&ﬀ>ﬂ.!Bﬂ.!'5F"#%W;/?<>!'5?&\!'ﬀ¿(FW;ﬀ]/?5=*-XY/?"W;ﬀ>#?,.<9*;#%![6$7>#=*-&[&\!'ﬀ G²*-1ÎO
1"!'ﬀcb
f!'5§¢<>W;/%WM#?,.<98-5%!'ﬀ.5=*;ﬂ 07>#
Rph = Rτ
2405%ﬂª!'Ka!'ﬀ G²*-101"#Q.Ka!'5ﬂ "!W;,./?"#%:=<>! -"!PG»!_ﬂ.!PÑ>ﬀ."!'5?/SR
ﬀ98-&[10":=<_*-1"#ﬂ "!Z`/%!'101"!
r′
R>*-ﬀﬂ.!'5
τR =
∫ R
r′
κRρ dr =
2
3
H® b¨½J¡
IM010/Sb}"!^*;#%#%!
Mτ
0ﬀ.ﬀ>!'5?<9*-10KÐJW;ﬀ
Rτ
2405%ﬂU*-1"#Bﬂ "!^_*;#%#=!\ﬂ.!$#B¢5%W;/%WM#?/%!'5?ﬀ>#uKL!'6S!'":=<.ﬀ>!'/Sb
9A@ FQ CF< >ﬃ@QPU,>-BKA*<?H;H;>dCF>RQ MF<?EJY
$
G OP<?\,A*HQP>RWXSKAFYKA*UI>LA	<?HO >LH Y*A?C <?W SZOP<?UFbBC*G_H;HJCF< >RH;>de0A G_A*UIH
a
\,A'D U,YFQ G_OP<?\,A
Y*AK^*S?EFH;<
a
G
$
<?H;W S <?HO bC>L<
$
CF<?> @BQP<?A*AK>RQPY*AKU=CF>LH
!
\ZCK>
$$
H GIACF< > e.A GIAKU,HFB > CF< AKU,YKA*U,>RAJ<?A2G1G_Y > CK>RQB<?H;\IOPSK>RQPE>LA
\IAZO;Q G
a
OP< \IA*H;^KSDGIH;>V[,>RQ
$
\IQP>LAﬃU,>LS5O
f
¾M³
 	ﬂ#dﬁﬃ&ﬁ(ﬂ" #	ﬁ(
}"!2!'0/%!'5%!ﬀ]/ﬁ24":%XY107.ﬀ.IZ#%W 24"!4ﬂ "!40IJ!'ﬀ>#%:%<9*±G»/%!'ﬀﬂ.!$#»¢35%W;/%W-O¦¡3`/%!'5?ﬀ>#2!'5%ﬂ.!'ﬀVﬂ 7.5%:=<Vﬂ "!$#%!
^*;#%#%!fKa!$#?/?0&[&@/SR>ﬀ.":%<]/}ﬂ 7.5%:%<_ﬂ "!+ﬂ.!'5Ff!$#=*-&Z/2W;10XJ!Mb
YW;K9*-1"ﬂﬃ!'0ﬀŁF*;ﬂ 07>#SRa0ﬀﬃﬂ "!$#%!'&)q*-101
Rτ
Rﬂ.!PÑ>ﬀ."!'5?/Z"#?/SRaXJ;ﬀ.ﬀ>!'ﬀCﬂ "![Åc!'7>:=<]/?XY5=*±G /
L
7.ﬀ>ﬂﬃﬂ "!
=)!'XY/?0`/%!'&[,a!'5=*-/?7.5
Teff
ﬂ.!PÑ>ﬀ."!'5?/F2!'5%ﬂ.!'ﬀ +
L =4piR2τσT
4
eff = 4piR
2
τ4piH
H® b¨ÓJ¡
Teff =
[
L
4piσR2τ
] 1
4
=
[
4piH
4piσR2τ
] 1
4
,
H® b ´`¡
2£W;KL!'Çﬂ.!'5F`/?5=*-<.107.ﬀ.IJ#=#?/?5%W;&
F = 4piH
*-7>#ﬂ.!'&Â!'5%#?/%!'ﬀº^_W;&\!'ﬀ]/ﬂ.!'5F`/?5=*-<.107.ﬀ.IJ#?0ﬀ`/%!'ﬀ>#?0/=8-/
H
Rﬂb <cb4*-7>#ﬂ.!'5ÅÇM#?7.ﬀ.IUﬂ.!'5§^_W;&\!'ﬀ]/%!'ﬀ.IM1"!'":=<]7.ﬀ.IJ!'ﬀ²f1"!'":%<]7.ﬀ.I H½ b0ÒMÒ ¡%¡PR*-ﬀªﬂ.!'5º`/%!'101"!
Rph = Rτ
Ka!'5%!$:%<.ﬀ>!'/F2!'5%ﬂ.!'ﬀXM*-ﬀ.ﬀcb
EF1"#Z^*;#%#%!
MKern
K.6$2+bŁF*;ﬂ 07>#
RKern
ﬂ.!$#@<`¼Yﬂ 5%WM#%/=*-/?"#%:%<>!'ﬀ­(!'5?ﬀ>#u2405%ﬂﬀ9*;:%<Ł0,9*-&\W;ﬀ O
/?!'/V*-1²b¬¨³M¯±°Fﬂ "!§^_*;#=#%!0ﬀ.ﬀ>!'5?<9*-10K¥!'0ﬀ>!'5V(f7.IJ!'1&[0/Vﬂ.!'&ŁF*;ﬂ 07>#Vﬂ.!PÑ>ﬀ."!'5?/SRD*-ﬀ©ﬂ.!'&ﬂ "!
0ﬀ G²*-1010IJ!$#%:=<]240ﬀ>ﬂ 0IMXJ!'0/u7.ﬀ]/%!'5+!'0ﬀ>!'&ÏL!'<.ﬀ]/%!'13ﬂ.!'5.5%!'ÎG²*-1010IJ!$#%:%<`240ﬀ>ﬂ 0IMXJ!'0/B*-ﬀ¿ﬂ "!$#%!'5+`/%!'101"!
10"!'IM/Z+
u < 0,1vff
&[0/
vff =
√
2Gmr
r
.
H® b¨³J¡
*-5?Q.Ka!'5F<.0ﬀ9*-7>#F"#?/F!'5%#%/JW;ﬀ!'0ﬀ>!'&<]¼ ﬂ 5%WM#?/=*-/?"#%:=<>!'ﬀ¿(!'5?ﬀ_ﬂ "!ZŁ!$ﬂ.!MR>2£!'ﬀ.ﬀ_ﬂ "!u^*±Y0&V*-1ÎO
IJ!$#%:=<]240ﬀ>ﬂ 0IMXJ!'0/}KL!'/?5=*-IJ#%&V8-TM0I\IM5%;TJ!'5F*-1"#!'0ﬀL!'<.ﬀ`/%!'1Çﬂ.!'51"W;XM*-1"!'ﬀº.5%!'ÎGH*-1010IJ!$#=:%<]240ﬀ>ﬂ 0IMXJ!'0/
"#?/Sb
f!'5f3W;101"#?/=8-ﬀ>ﬂ 0IMXJ!'0/<9*-10Ka!'5}2405%ﬂﬂ.!'5f¸!'IM5? )Uﬂ.!'5f3ﬂ.ﬂ 0ﬀ.IM/%W;ﬀ.1"!'7>:%<`/?X`5=*±G»/
LEdd
!'0ﬀ.IJ!PG»Q.<.5?/Z+
}"!$#%!@}5%;TJ!fKa!$#%:=<.5%!'0K./ﬂ.!'ﬀ§&V*±Y0&V*-1"!'ﬀﬀ>!'5?IM"!PÕ>7>#%#SR>ﬂ.!'5ﬂ 7.5%:=<!'0ﬀ>!+#?":=<§0&
<]¼ ﬂ 5%WM#?/=*-/?ÎO
#%:=<>!'ﬀC}1"!'":%<.IJ!'24":=<]/@Ka!PÑ>ﬀ>ﬂ.!'ﬀ>ﬂ.!V*;#%#=:%<.":%<`//?5=*-ﬀ>#?,aW;5?/?"!'5?/2!'5%ﬂ.!'ﬀ¿XM*-ﬀ.ﬀcbqf!'5ﬂ 7.5%:%<ﬃ!'0ﬀ>!
<>;<>!'5%!+*-1"#4ﬂ "!3ﬂ.ﬂ 0ﬀ.IM/%W;ﬀ.1"!'7>:=<]/?XY5=*±G /f!'5?6S!'7.IM/%!@`/?5=*-<.107.ﬀ.IJ#%ﬂ 5?7>:=X24Q.5%ﬂ.!ﬂ>*-6$7G»Q.<.5%!'ﬀcR.ﬂ>*;#%#
ﬂ "!ﬂ>*-5?Q.KL!'5\10"!'IJ!'ﬀ>ﬂ.!Y:%<.":=<]/º*-K.IJ!$#?/%W;TJ!'ﬀ©24Q.5%ﬂ.!Mbf!'5\Aﬃ!'5?/V1N8;#%#%/V#?":%<©7.ﬀ]/%!'5EFﬀ.ﬀ9*-<.&\!
#?,.<98-5?"#=:%<>!'5º`¼`&[&\!'/?5?"!ºG»W;10IJ!'ﬀ>ﬂ.!'5?&V*-TJ!'ﬀ·*-K>#%:=<98-/?6S!'ﬀ +DKa!'!'0ﬀ>!'5+*;#%#%:%<.":=<]/SR£ﬂ "!#?":=<©0&
<`¼Yﬂ 5%WM#?/=*-/?"#=:%<>!'ﬀ}1"!'":=<.IJ!'24":%<]/Ka!PÑ>ﬀ>ﬂ.!'/SRqIM1"!'":%<>!'ﬀ¿#?":%<ﬂ.!'5}ﬀ9*;:%<¿*-7.TJ!'ﬀIJ!'5?":=<]/%!'/%!V`/?5=*-< O
107.ﬀ.IJ#%ﬂ 5?7>:=X
dP
dr
= −
κρ
c
Frad = −
σTρ
mP c
L
4piR2
7.ﬀ>ﬂºﬂ.!'5ﬀ9*;:%<º0ﬀ.ﬀ>!'ﬀºIJ!'5?":=<]/%!'/%![}5=*$Y0/=*-/?"W;ﬀ>#%ﬂ 5?7>:=X
dP
dr
= −
GMρ
R2
*-7>#Sb.D#2405%ﬂ<."!'5*-ﬀ.IJ!'ﬀ>W;&[&\!'ﬀcR9ﬂ>*;#%#-<>W;&\#%W;ﬀ>#%/?5%!'7.7.ﬀ.IVﬂ "!@ÀF,9*-6$0/=8-/0ﬀºﬂ.!'5`/%!'5?ﬀ9*-/?&\W-O
#?,.<98-5%!@ﬂ.W;&[0ﬀ."!'5?/SR>2£*;#}*-KL!'54ﬀ`7.54G»Q.54<>!'0TJ!Z`/%!'5?ﬀ>!+6$7./?5? )a/Sb
}7.5%:%<¿}1"!'":%<>#=!'/?6S!'ﬀW;K.0IJ!'5}}1"!'":=<]7.ﬀ.IJ!'ﬀ!'5?<98-10/&V*-ﬀ
LEdd =
4piGMmP c
σT
≈ 1,3 · 1038
(
M
M
)
erg s−1 = 3,3 · 104
(
M
M
)
L,
H® b¨®J¡
2£W;KL!'4ﬂ "!\Q.K.10":=<>!'ﬀ­¸!'6S!'":%<.ﬀ]7.ﬀ.IJ!'ﬀÐG»Q.5BÅ":%<`/?IJ!$#%:%<`240ﬀ>ﬂ 0IMXJ!'0/SR¢5%W;/%W;ﬀ.&V*;#=#%!V7.ﬀ>ﬂ -<>W;&BO
#%W;ﬀ `7>!'5%#%:=<.ﬀ.0/?/Ka!'ﬀ]7./?6$/247.5%ﬂ.!'ﬀcb
¾M®
"$%   ﬁ   & 		ﬁ4Nﬂﬁ!!#		ﬁﬃ
+e	

wux?yaxlamZtfrutZvxt ¤o z}o9yam =rZtuvk9mwZywtZ%| rutuw
lamux3%k9lam | tZk>oqtFoqxyVrZkqxtuk9xoqprZtuv
ﬁﬀﬃﬂ "!$#%!'&)EFK>#%:%<.ﬀ.0/?/+2£!'5%ﬂ.!'ﬀCﬂ "![5?IJ!'K.ﬀ."#%#=!BJW;ﬀC^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀCJW;5?IJ!$#?/%!'1010/SRcKL!'3ﬂ.!PO
ﬀ>!'ﬀºﬂ "!f:%<>!'&["#=:%<>!Zq7>#=*-&[&\!'ﬀ>#=!'/?6$7.ﬀ.IVﬂ 7.5%:%<ºF7.101"#%!'/?6$/%!'ﬀºﬂ.!$#4ŁF*-/%!'ﬀ`/%!'5?&\#40&
:%<>!'&["#%:=<>!'ﬀ
}!'/?6$2!'5?XC²}1"!'":=<]7.ﬀ.IﬃHÓ b¨®J¡£K.6$2+bqf1"!'":%<]7.ﬀ.I¿ ´>b¨³M½J¡%¡£XJW;ﬀ>#%/=*-ﬀ]/IJ!'<9*-10/%!'ﬀ247.5%ﬂ.!Mb9ÌF"!'5%ﬂ 7.5%:%<
#%W;1010/%![!'0ﬀ>!'5%#=!'0/%#ﬂ "![.7.ﬀ.X`/?"W;ﬀ>#?GH8-<.0IMXJ!'0/@ﬂ.!$##%/?5=*-<.107.ﬀ.IJ#?<]¼ ﬂ 5%W`ﬂ ¼Yﬀ9*-&["#%:=<>!'ﬀ -Ç!'01"#@ﬂ.!$#^W-O
ﬂ.!'101"#KL!'1"!'IM/SR *-ﬀ>ﬂ.!'5%!'5%#%!'0/%#£ﬂ "!F¸!$ﬂ.!'7./?7.ﬀ.IBﬂ.!'5:=<>!'&["#%:%<>!'ﬀ§¢5%W;6S!$#%#=!28-<.5%!'ﬀ>ﬂﬂ.!'5ﬀ]/ﬁ24":%X`O
107.ﬀ.Iu!'0ﬀ>!'53,.5%W;/%WM#?/%!'101N*-5%!'ﬀAﬃW;10XJ!ﬂ.!'&\W;ﬀ>#?/?5?"!'5?/£2!'5%ﬂ.!'ﬀcb`F"!$#=!^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀ§#?0ﬀ>ﬂV*-1"#%W
&\!'<.5*-1"#ﬀ]7.5^_*;:=<]K9*-5?XJ!'0/%#%#?/?7>ﬂ "!'ﬀcb;ﬁﬀ+ﬂ "!$#%!'&·J!'5%!'0ﬀ G²*;:%<`/%!'ﬀBq*-101J2405%ﬂ@ﬂ "!33ﬀ]/24":=X`107.ﬀ.Iﬂ.!'5
AﬃW;10XJ![*-7>#%#%:=<.10"!'TM10":%<¿ﬂ 7.5%:%<¿ﬂ "!u(W;ﬀ`/?5=*-X`/?"W;ﬀﬃﬂ 7.5%:=<ﬃf5=*$Y0/=*-/?"W;ﬀ_7.ﬀ>ﬂ_ﬂ 7.5%:%<¿EFK>#?/?5=*-<.107.ﬀ.I
IJ!$#?/%!'7>!'5?/SbEF7 Gﬂ "!$#%!uAﬃ!'"#%!uXM*-ﬀ.ﬀ¿ﬂ.!'5f30ﬀ Õ>7>#%#ﬂ.!'5:%<>!'&["#%:=<>!'ﬀC¢5%W;6S!$#%#%!uKa!'ﬂ.!'5¸£01"ﬂ 7.ﬀ.I
ﬂ.!$#¢5%W;/%WM#%/%!'5?ﬀ>#KL!$W;K9*;:=<]/%!'/2!'5%ﬂ.!'ﬀcRM0ﬀ>ﬂ.!'& ﬂ "!^_W`ﬂ.!'101"!4*-7>#3ﬂ "!$#%!'&Æ(+*-,.0/%!'1.&[0/3ﬂ.!'ﬀ>!'ﬀ[0&
ﬀ98;:=<>#?/%!'ﬀ(+*-,.0/%!'1²R9KL!'cﬂ.!'ﬀ>!'ﬀ_ﬂ "!+:%<>!'&["#%:=<>!@ﬀ`/24":=X`107.ﬀ.IKa!'5?Q>:%X #?":%<`/?0IM/F2405%ﬂR.J!'5?IM10":=<>!'ﬀ
2£!'5%ﬂ.!'ﬀcb
}7.5%:%<VJ!'5%#%:%<."!$ﬂ.!'ﬀ>!EFﬀ>#=8-/?6S!6$7.5^_W`ﬂ.!'1010"!'5?7.ﬀ.I@ﬂ.!'5ÀF,9*-6$0/=8-/2£!'5%ﬂ.!'ﬀ\7.ﬀ]/%!'5%#=:%<."!$ﬂ 10":%<#?/=*-5¤O
XJ!(FW;,.,.107.ﬀ.IJ!'ﬀ6$24"#%:%<>!'ﬀ§*;#37.ﬀ>ﬂ`/?5=*-<.107.ﬀ.IJ#?G»!'1"ﬂ#?0&@7.10"!'5?/SR`2£*;#E7>#%#h*-IJ!'ﬀ\Q.KL!'5ﬂ.!'ﬀV0ﬀ O
Õ>7>#%#ﬂ.!'5£Aﬃ!$:%<>#%!'102405?XY7.ﬀ.I[6$24"#%:=<>!'ﬀ^*-/%!'5?"!}7.ﬀ>ﬂ`/?5=*-<.107.ﬀ.IJ#?G»!'1"ﬂº*-7 GÇﬂ "!fﬀ`/24":%XY107.ﬀ.IVﬂ.!'5
*;#%2W;10XJ!!'5?&\;IM10":%<]/SbEF7>:%<U<."!'5@"#%/Z!$#ZJW;ﬀC3W;5?/%!'01²Rﬂ.!'ﬀU:=<>!'&["#%:%<>!'ﬀ -Ç!'01ﬂ.!'5B`0&Z7.1N*-/?ÎO
W;ﬀU!'0ﬀ>#?/2£!'0100I¿*-7>#%6$7.X`1N*-&[&\!'5?ﬀcRs7.& #%Wﬂ "!VEF7>#?2405?XY7.ﬀ.IJ!'ﬀﬂ.!'5B!'0ﬀ.6S!'10ﬀ>!'ﬀU=)!'XY/%!\"#%W;10"!'5?/
7.ﬀ`/%!'5%#?7>:%<>!'ﬀ_6$7§XJ;ﬀ.ﬀ>!'ﬀcb
}"!uŁ!$:%<.ﬀ`7.ﬀ.I2405%ﬂKa!$!'ﬀ>ﬂ.!'/SRa#%W;K9*-1"ﬂﬂ "!-Ç!'&[,a!'5=*-/?7.5ﬂ.!$#f(!'5?ﬀ>#
105 K
!'5?5%!'":%<`/Sb¸£!'ﬂ "!PO
#%!'5-s!'&[,L!'5=*-/?7.528-5%!'ﬀC*-101"!u:=<>!'&["#%:%<>!'ﬀ1"!'&\!'ﬀ]/%![1N8-ﬀ.IJ#%/}"W;ﬀ."#%"!'5?/SR#%Wﬂ>*;#=#F0&Ï`0ﬀ.ﬀ>![ﬂ.!'5
:=<>!'&["#%:%<>!'ﬀﬀ]/ﬁ24":%XY107.ﬀ.IXJ!'0ﬀ>!+2!'0/%!'5%!'ﬀEF7>#%#=*-IJ!'ﬀ6$7§&V*;:%<>!'ﬀ28-5%!'ﬀcb
}"!_ﬀ]/ﬁ24":%XY107.ﬀ.I"#?/VKa!'}*-101"!'ﬀ«^WYﬂ.!'101"!'ﬀ©&[0/IM1"!'":%<>!'&EFK>#%W;5?,./?"W;ﬀ>#?XJWY!,6\6$"!'ﬀ]/%!'ﬀ«7.ﬀ9*-K O
<98-ﬀ.IM0I\JW;ﬀﬂ.!'ﬀ§2!'0/%!'5%!'ﬀEFﬀ G²*-ﬀ.IJ#?KL!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀU
T
	
ni
¡ `79*-100/=*-/?0§8-<.ﬀ.10":%<cR9ﬂ>*-<>!'52!'5%ﬂ.!'ﬀ
6$7.ﬀ98;:=<>#?/V!P.!'&[,.1N*-5?"#%:%<­ﬂ "!5?IJ!'K.ﬀ."#%#=!§ﬂ.!'5\ﬀ]/ﬁ24":%XY107.ﬀ.Iﬂ.!'5V`/?5?7.X`/?7.5?IM5%;TJ!'ﬀ¥!'0ﬀ>!$#[^W-O
ﬂ.!'101"#*-7>#¤G»Q.<.5?10":%<IJ!'6S!'0IM/SbYf!'5£0ﬀ Õ>7>#%#£ﬂ.!'5EFﬀ GH*-ﬀ.IJ#?Ka!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀº*-7 Gcﬂ "!Fﬀ`/24":=X`107.ﬀ.I\ﬂ.!'5
^_W`ﬂ.!'101"!+"#?/Ff!'IJ!'ﬀ>#?/=*-ﬀ>ﬂºﬂ.!$#EK>#%:=<.ﬀ.0/?/%#F® b¨½ b¨½ b
}"!ﬃﬀ`/24":=X`107.ﬀ.Iª1N8-7 G /§7.ﬀ9*-K.<98-ﬀ.IM0IªJW;ﬀ·ﬂ.!'ﬀµEFﬀ GH*-ﬀ.IJ#%2!'5?/%!'ﬀµ#?/%!'/%#ºﬀ9*;:%<¶ﬂ.!'& IM1"!'":%<>!'ﬀ
^7>#?/%!'5F*-K +

  B k0A-k9p0BIAC@9L	
ÒMb4E& ¸!'IM0ﬀ.ﬀﬂ.!'5f`0&@7.1N*-/?"W;ﬀ_IM0K./!$#4ﬀ>WY:%<ºXJ!'0ﬀ>!'ﬀ}5?7>:=X`IM5=*;ﬂ "!'ﬀ`/%!'ﬀcbL}"!+*-ﬀ G²*-ﬀ.IJ#5?7 O
<>!'ﬀ>ﬂ.!^_*-/%!'5?"!Ka!'IM0ﬀ.ﬀ]/D0ﬀ\Ł":%<`/?7.ﬀ.IuL!'ﬀ]/?5?7.& 6$7BGH*-101"!'ﬀcbMD#<9*-ﬀ>ﬂ.!'10/3#?":%<V7.&ÆKL!'0ﬀ9*-<>!
G 5%!'"!'ﬀq*-101
ρ ∼ r−2
¡PR>ﬂ "!}":%<`/%!@#?/%!'0IM/0ﬀ.ﬀ>!'ﬀ#?/=8-5?XJ!'57.ﬀ>ﬂº#=:%<.ﬀ>!'101"!'5F*-ﬀ*-1"#F*-7.TJ!'ﬀcb
½ b4¸01"ﬂ 7.ﬀ.I!'0ﬀ>!$#W;,./?"#%:%<ﬂ ":%XJ!'ﬀ(!'5?ﬀ>#Sb.ﬁﬀ§ﬂ.!'5FL!'ﬀ]/?5=*-105%!'IM"W;ﬀ_ﬀ.0&[&@/ﬂ "!W;,./?"#=:%<>!7-"!PO
G»!!'0ﬀ>!'ﬀ©Aﬃ!'5?/VIM5%;TJ!'5§*-1"#½  ;Ó*-ﬀcRDﬂ.!$#?2£!'IJ!'ﬀ¥XM*-ﬀ.ﬀ¥ﬂ "!(W;&[,.5%!$#%#%"W;ﬀ>#?2£8-5?&\!ﬀ.":=<]/
&\!'<.5G»5%!'s*-K.IJ!$#?/?5=*-<.10/}2!'5%ﬂ.!'ﬀcbLEKﬂ "!$#=!'& ¢7.ﬀ.XY/Ñ>ﬀ>ﬂ.!'/Fﬂ "!Z(W;ﬀ`/?5=*-X`/?"W;ﬀ_,.5=*-X`/?"#=:%<
*;ﬂ N*-K9*-/?"#%:%<#?/=*-/?/Sb
Ó b4¸01"ﬂ 7.ﬀ.Iº!'0ﬀ>!$#}<`¼Yﬂ 5%WM#?/=*-/?"#=:%<>!'ﬀﬃ(!'5?ﬀ>#Sba*;#f#?":%<_2!'0/%!'5@*-7.TJ!'ﬀKa!PÑ>ﬀ>ﬂ.!'ﬀ>ﬂ.!u^*-/%!'5?N*-1
GH8-1010/&[0/ /Ka!'5%#%:%<9*-1010IJ!$#=:%<]240ﬀ>ﬂ 0IMXJ!'0/f*-7 Gsﬂ.!'ﬀ(!'5?ﬀ<>!'5=*-K7.ﬀ>ﬂ2405%ﬂﬂ.W;5?/#=:%<.1N*-I]*-5?/?0I
¾J×
    & 		ﬁﬃ ﬂﬁd##	ﬁﬃ 	#ﬁ !ﬁ(&- I
#ﬁ ﬁ(#   I!" N#
;"+ ﬂ	
	\]!D-/Q4&4&ﬂ! 2/		
!&=5#)Mﬂ ﬁ$E$Dﬂ!#4&5#)=	Q5#)/'(4&2-!Dﬃ$D24P,2M Rﬂ
ﬂS$&/Y
B.1(T "-4&89ﬂ!&$]3-2-
Tinit = 200 K
O
ninit = 10
4 cm−3
/!&ﬂ ﬂﬂ
0O1=4&"-ﬁc$&ﬁH"4&4&W3-2-
2905 M

  ﬂ 4P
 
  ﬂ!&$&/! 2/		
!D/5#)Mﬂ 2)5S9/!&V5#,4&
5#)S$D /! 5#)/ﬁJQ4D5#)ﬂ \U$F8hQ5#,Sb
	
Iﬂ
-ﬂ$&!#"+ﬂYO S$&/ TV!c
	 2ﬂ	
	Jﬂ
4D5#)	

-	

5#)'ﬂ!i5#)ﬂﬁQ4&5#)ﬂ \]S$F8hQ5#,M	=X64P
ﬂ)(b
4D5#)$P$ @AMB.i^C"+)	
ﬂXRﬂ
ﬂ)/X4PQ5#)X"-Teﬂ^ 4P$D"+L/4  Fﬂ,S$#4U ﬂ \]!D!&/
5#)/Lﬂ!W(!&5#)b
 /
 X
Tc = 10
5 K
@AO
Mτ

Rτ
4& '"-4D4PR/8iUﬂ!0("-
4L/4  F/,S$D4H"+ /!
KS$Dﬂ	
	O "+ ﬂ!EJ2-ﬃ$&Q4&5#)JWﬂT
τR = 2/3
  $D!D*-+$  ﬂd2-ﬃZ b  ﬃ"9R/G$#*%$8h
!#'
/4&ﬂ!c^ 4P$D"-TV!

 *-
-/!&cKS$#"+)MV	
	
c4P2%8h
1TV!./ ﬂ
-/$D	Q5#)/]!D2+$D24P$&/!& "+-ﬂﬂ ﬂY
MKern

RKern
4P


1ﬂS$D4&ﬃ!D/5#)/ﬂ  ﬂ!&$&.TV!h/L)M!&2S4F$#"%$&Q4D5#)ﬂUVE/!&L"-5#)KO1	
ﬂQ5#)S SB1"-49(	$&/!W/4  b
F/,$#4h ﬁRﬂ
ﬂ)S$.4&Q5#)I"-Td ^ /G$=O
 4&ﬂ$ﬂﬁ ﬂ!#4F$Dﬁ"-	
-/\U!&!DﬂQ5#)ﬂI3-2
τR = 2/3
3-ﬂ!#4P$&!D
5#)/XQ4F$
X6(4D5#)$P$?@A
κ Mτ [M] Rτ [cm] MKern [M] RKern[cm]
E10/%!'5Z¬¨*±°
^_WYﬂ.!'101"!W;<.ﬀ>!+:%<>!'&["#%:=<>!Z3ﬀ]/24":=X`107.ﬀ.I
:$W;ﬀ>#?/
73,73 7,75 · 1016 3,63 4,12 · 1013 27697
¢sW;,>
72.35 7.66 · 1016 1.91 1,31 · 1013 17511
1.91 1,29 · 1013
¢W;,>%%
2,59 1,05 · 1013 2,60 1,18 · 1013 107
^_W`ﬂ.!'101"!!'0ﬀ>#=:%<.10"!'TM10":%<:%<>!'&["#=:%<>!'5fﬀ]/ﬁ24":%XY107.ﬀ.I
¢sW;,>
66,03 7,4 · 1016 0,0008 3,9 · 108 25696
0,19 2,8 · 1012
¢W;,>%%
0,06 7,6 · 1011 0,0002 1,8 · 108 2
*-K.IJ!'K.5%!'&\#?/Sb]0ﬀ`/%W;T@K.01"ﬂ.!'/D#?":=<cbJ*;#3^*-/%!'5?N*-1>5%!'IMﬀ>!'/D2£!'0/%!'5?<.0ﬀ*-7 Gﬂ.!'ﬀ\<]¼ ﬂ 5%WM#?/=*±O
/?"#%:%<>!'ﬀ_(!'5?ﬀC»ﬂ.!PÑ>ﬀ."!'5?/}*-1"#4ﬂ.!'5(-s!'01Çﬂ.!$#¢5%W;/%WM#?/%!'5?ﬀ># R>ﬂ.!'5#?":%<0ﬀ.ﬀ>!'5?<9*-10Kﬂ.!$#F`/%W;TJ!$#
KL!PÑ>ﬀ>ﬂ.!'/7.ﬀ>ﬂVﬂ.!$#%#%!'ﬀ!$#%:%<`240ﬀ>ﬂ 0IMXJ!'0/£7.ﬀ`/%!'5!'0ﬀ>!'&
L!'<.ﬀ]/%!'1qﬂ.!'5£.5%!'ÎG²*-1010IJ!$#%:%<`240ﬀ>ﬂ 0I;O
XJ!'0/10"!'IM/SR>#?"!'<>!Zf1"!'":%<]7.ﬀ.IﬃH® b¨³J¡?¡4*-K
	
#=!'0ﬀ>!+^_*;#=#%!f2£8;:=<>#?/F*-ﬀcb
EKÐﬂ "!$#%!'& L!'0/?,.7.ﬀ.X`/uG²8-1010/uﬂ>*;#B^*-/%!'5?N*-10&[&\!'5[#%:=<.ﬀ>!'101"!'5u0ﬀ>#\L!'ﬀ`/?5?7.&ºRﬂ.!'5[(!'5?ﬀ
XJW;ﬀ]/?5=*-<."!'5?/V2£!'0/%!'5SRD#%!'0ﬀ>! -s!'&[,L!'5=*-/?7.57.ﬀ>ﬂF":=<]/%!§ﬀ>!'<.&\!'ﬀ©6$7cRK."#\ﬂ "!§Ł!$:=<.ﬀ]7.ﬀ.I
KL!$!'ﬀ>ﬂ.!'/2405%ﬂb
 ﬀ ,ﬃ&>< <:&  8:* 14ﬀ0*+&)(2"ﬁﬃﬂ=8:&>,=<8ﬁﬃﬂﬃ&   ; " #( ﬃ* 8 0ﬀ4" 3 &"! )8:&>ﬀ0*+&>ﬀ
ÌF"!'52!'5%ﬂ.!'ﬀVﬂ "!435?IJ!'K.ﬀ."#%#%!JW;ﬀ`0&@7.1N*-/?"W;ﬀ>#%5%!$:%<.ﬀ]7.ﬀ.IJ!'ﬀIJ!'6S!'0IM/SRMKa!'.ﬂ.!'ﬀ>!'ﬀ\!'0ﬀ>!4Eﬀ G²*-ﬀ.IJ#¤O
XJW;ﬀ Ñ>IM7.5=*-/?"W;ﬀºIJ!'28-<.10/4247.5%ﬂ.!MR.ﬂ.!'5%!'ﬀ§Eﬀ G²*-ﬀ.IJ#?/%!'&[,a!'5=*-/?7.54JW;ﬀ
200 K
7.ﬀ>ﬂﬂ.!'5%!'ﬀEFﬀ G²*-ﬀ.IJ#¤O
/%!'01":=<>!'ﬀ>ﬂ ":%<]/%!
104 cm−3
Ka!'/?5?7.I>b>Q.5ﬂ "!@ÀF,9*-6$0/=8-/F247.5%ﬂ.!'ﬀ
ÒMb4!'0ﬀºXJW;ﬀ>#?/=*-ﬀ]/%!'5FAﬃ!'5?/Z
κe−
¡PR
½ b4ﬂ "!@*-ﬀ9*-10¼`/?"#=:%<>!@f8-<>!'5?7.ﬀ.I[G»Q.5¢sW;,>O¦*;#?&["#=:%<]7.ﬀ.I¿
κPopI
¡PR.#?"!'<>!Z}1"!'":=<]7.ﬀ.IﬃH½ b0Ò'´`¡'R
Ó b7.ﬀ>ﬂﬂ "!/=*-Ka!'1010"!'5?/%!'ﬀ_Aﬃ!'5?/%!@ﬀ9*;:=<^*$¼J!'5B¬¨ÓM³±°
κPopIII
¡G Q.5Fﬂ "!@¢W;,>%%O¦*;#?&["#%:=<]7.ﬀ.I
J!'5?2!'ﬀ>ﬂ.!'/Sb
¾M¾
"$%   ﬁ   & 		ﬁ4Nﬂﬁ!!#		ﬁﬃ
}"!35?IJ!'K.ﬀ."#%#%!ﬂ.!'5£^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀ§#?0ﬀ>ﬂ\0ﬀﬂ.!'ﬀVEK.K.01"ﬂ 7.ﬀ.IJ!'ﬀ§® b0ÒK."#£® b¨É0ﬀﬂ 5%!'a}5?7., O
,a!'ﬀG Q.5Fﬂ "!ﬂ 5%!'Ç^WYﬂ.!'101"!+ﬂ.!'5FÀF,9*-6$0/=8-/}ﬂ>*-5?IJ!$#?/%!'1010/Sb
}"!VEFK.K.01"ﬂ 7.ﬀ.IJ!'ﬀU® b0ÒMR® b ´7.ﬀ>ﬂC® b ×§6S!'0IJ!'ﬀﬂ "!V6S!'0/?10":%<>!ﬀ]/ﬁ24":%XY107.ﬀ.Iﬂ.!'5[}5%;TJ!'ﬀ}":=<]/%!
ρ
R35=*;ﬂ N*-1"!f!$#%:=<]240ﬀ>ﬂ 0IMXJ!'0/
u
RV-Ç!'&[,a!'5=*-/?7.5
T
7.ﬀ>ﬂ^_*;#%#=!
Mr
0ﬀ.ﬀ>!'5?<9*-10K¥ﬂ.!$#VŁF*;ﬂ 07>#
r
R
Á?!'2!'01"#G»Q.5£ﬂ "!F^WYﬂ.!'101"!&[0/£XJW;ﬀ>#?/=*-ﬀ`/%!'5SRY¢W;,>O7.ﬀ>ﬂ¢W;,>%%O¦ÀF,9*-6$0/=8-/SR]0ﬀEK.<98-ﬀ.IM0IMXJ!'0/4ﬂ.!'5
Ł}*;ﬂ N*-10XJW`W;5%ﬂ 0ﬀ9*-/%!Mba3#F"#?/6$7#%!'<>!'ﬀcR924"!Zﬂ "!u*-ﬀ GH*-ﬀ.IJ#}<>W;&\W;IJ!'ﬀ>!MRaW;,./?"#%:%<ﬂ Q.ﬀ.ﬀ>!ZAﬃW;10XJ!@6$7
XJW;ﬀ`/?5=*-<."!'5%!'ﬀ§KL!'IM0ﬀ.ﬀ`/Sb`}"!}F":=<]/%!f#?/%!'0IM/*-ﬀ 0&
L!'ﬀ]/?5?7.&
#?/=8-5?XJ!'54*-1"#£*-7.TJ!'ﬀq¡PR1-Ç!'&[,a!'5=*-/?7.5
7.ﬀ>ﬂŁF*;ﬂ N*-10IJ!$#%:=<]240ﬀ>ﬂ 0IMXJ!'0/\ﬀ>!'<.&\!'ﬀ6$7cbsEF7 G IM5?7.ﬀ>ﬂﬂ.!'5@0ﬀ.ﬀ>!'5%!'ﬀÐŁF*-ﬀ>ﬂ Ka!$ﬂ 0ﬀ.IM7.ﬀ.IÐ»^*;#%#%!
0ﬀ.ﬀ>!'5?<9*-10K_ﬂ.!$#0ﬀ.ﬀ>!'5%#?/%!'ﬀº5=*;ﬂ N*-1"!'ﬀ¿}0/?/%!'5?,.7.ﬀ.XY/%!$#XJW;ﬀ>#?/=*-ﬀ`/SRL}1"!'":=<]7.ﬀ.IﬃH³ b¨¾J¡%¡2*-ﬀ>ﬂ.!'5?/}ﬂ.!'5
0ﬀ.ﬀ>!'5%![Ł}*;ﬂ 07>#f&[0/f#%/%!'0IJ!'ﬀ>ﬂ.!'5+F":=<]/%![!'0ﬀ`2£8-5?/%#Sbcﬁﬀ>#?IJ!$#=*-&Z/f"#?/fKL!'3*-101"!'ﬀ¿^WYﬂ.!'101"!'ﬀ6$7KL!PO
W;K9*;:=<]/%!'ﬀcRcﬂ>*;#%#ﬂ "!uAﬃW;10XJ!uXJW;101N*-K."!'5?/
	
ﬂ "!BEK`2!'":=<]7.ﬀ.IJ!'ﬀUJW;&ÊG»5%!'"!'ﬀ¿9*-101
r ∼ ρ−2
¡#?0ﬀ>ﬂ
IJ!'5?0ﬀ.I>b`3#D#?0ﬀ>ﬂVﬂ 5%!'qﬀ`/24":%XY107.ﬀ.IJ#%#?/=*;ﬂ "!'ﬀ6$7V!'5?XJ!'ﬀ.ﬀ>!'ﬀ +Yﬂ "!EFﬀ GH*-ﬀ.IJ#%,.<9*;#%!MRM0ﬀVﬂ.!'5£ﬂ>*;#£*;#
W;,./?"#%:=<ﬂ Q.ﬀ.ﬀº"#%/@
τR < 2/3
¡PR9ﬂ "!+3ﬀ]/%#?/%!'<`7.ﬀ.Iﬂ.!$#W;,./?"#=:%<ﬂ ":=XJ!'ﬀ¢5%W;/%WM#%/%!'5?ﬀ>#Z
τR ≥ 2/3
¡
7.ﬀ>ﬂªﬂ>*-ﬀ9*;:%<Èﬂ.!$#<]¼ ﬂ 5%WM#?/=*-/?"#%:=<>!'ﬀ·(!'5?ﬀ>#
u < 0,1vff
¡Pb£}"!$#%!ﬂ 5%!'@`/=*;ﬂ "!'ﬀ«#?0ﬀ>ﬂ¥0ﬀªﬂ.!'ﬀ
EFK.K.01"ﬂ 7.ﬀ.IJ!'ﬀUGH*-5?K.0I&V*-5?X`"!'5?/§ 5%W;/@G»Q.5
τR < 2/3
RIM5?Q.ﬀCG»Q.5
τR ≥ 2/3
7.ﬀ>ﬂﬃK.1N*-7G Q.5uﬂ.!'ﬀ
<`¼Yﬂ 5%WM#?/=*-/?"#=:%<>!'ﬀ¸£!'5%!'":=<q¡Pb

 L0A ECB)LEC@ k5B 2Q E E
¸!'4ﬂ.!'ﬀ^WYﬂ.!'101"!'ﬀÐ&[0/[XJW;ﬀ>#?/=*-ﬀ]/%!'5ÀF,9*-6$0/=8-/["#?/[ﬂ.!'5/FKL!'5?I]*-ﬀ.I6$24"#%:=<>!'ﬀ­ﬂ "!$#%!'ﬀ¢<9*;#%!'ﬀ
ﬂ.!'7./?10":=< #?":%<`/?K9*-5Sb+}*;:=<Æ!'0ﬀ>!'5_"#=W;/?<>!'5?&\!'ﬀ (FW;ﬀ]/?5=*-XY/?"W;ﬀ>#?,.<9*;#%!K.01"ﬂ.!'/ﬃ#%":%< ﬂ.!'5W;,./?"#=:%<
ﬂ ":=XJ!º¢5%W;/%WM#?/%!'5?ﬀcRﬂ.!$#%#=!'ﬀ­E7>#%ﬂ.!'<.ﬀ`7.ﬀ.IC*-7 G IM5?7.ﬀ>ﬂﬂ.!'5[7.ﬀ`/%!'5Vﬂ "!$#%!'ﬀ¸!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀ­7.ﬀ.5%!S*±O
10"#?/?"#=:%<<>W;<>!'ﬀ¿ÀF,9*-6$0/=8-/}#=!'<.5IM5%W;T*-7>#¤G²8-1010/Sb9}"!$#F!'5?X`1N8-5?/}ﬂ "!ﬀ."!$ﬂ 5?0IJ!ZV)a!'XY/?0`/%!'&[,a!'5=*-/?7.5
0&Ì}!'5?/?6S#?,.5?7.ﬀ.I;OŁ7>#%#%!'101ÎO}N*-IM5=*-&[& »EFK.K.01"ﬂ 7.ﬀ.IJ!'ﬀª® b¨½7.ﬀ>ﬂ ® b¨Ó

¡PbDEﬀ>#%:=<.10"!'TJ!'ﬀ>ﬂK.01"ﬂ.!'/
#?":=<ﬀ9*;:%<¿2!'0/%!'5%!'&)(FW;101N*-,>#+ﬂ.!'5}<]¼ ﬂ 5%WM#?/=*-/?"#%:%<>!V(!'5?ﬀcRLﬂ.!$#=#%!'ﬀ_^*;#%#%!Z6$7.ﬀ.0&[&@/SRa28-<.5%!'ﬀ>ﬂ
#%!'0ﬀŁF*;ﬂ 07>##%:=<.5?7.&[, G /Sb

ek


 k5B 2Q E E
}"!ºﬀ`/24":=X`107.ﬀ.IÐﬂ.!'5V^_W`ﬂ.!'101"!&[0/V¢W;,>O¦ÀF,9*-6$0/=8-/"#?/\!'/ﬁ2£*;#XJW;&[,.1"!P !'5SbDﬀ>#?IJ!$#h*-&@/\<9*-/
&V*-ﬀÐ!$#u*-&Ëﬀ>ﬂ.!ﬂ.!'5\`0&@7.1N*-/?"W;ﬀ>#?5%!$:=<.ﬀ]7.ﬀ.IC&[0/B!'0ﬀ>!'&Ë¢5%W;/%WM#?/%!'5?ﬀcRﬂ.!'5Z0ﬀÐ!'0ﬀ>!'5uX`Q.<.1"!'ﬀ
`/=*-7.K.<`Q.101"!§!'0ﬀ.IJ!'KL!'/?/%!'/u"#?/SRc6$7/?7.ﬀcbs30ﬀU¸!$W;K9*;:%<`/%!'5B24Q.5%ﬂ.!ﬂ "!X`Q.<.1"!`/=*-7.K.<]Q.101"!MRﬀ.":=<]/
*-Ka!'5+ﬂ.!'ﬀﬃ¢5%W;/%WM#?/%!'5?ﬀC#=!'<>!'ﬀcbc}"![5?IJ!'K.ﬀ."#%#%![ﬂ.!'5Z`0&Z7.1N*-/?"W;ﬀCXJ;ﬀ.ﬀ>!'ﬀ¿GHW;10IJ!'ﬀ>ﬂ.!'5?&V*-TJ!'ﬀC0ﬀ O
/%!'5?,.5%!'/?"!'5?/2!'5%ﬂ.!'ﬀ +.¸!'qﬀ."!$ﬂ 5?0IJ!'ﬀ -s!'&[,L!'5=*-/?7.5%!'ﬀ§"#%/£ﬂ "!ÀF,9*-6$0/=8-/£ﬂ 7.5%:=<§ﬂ "!FEFﬀ]2£!$#%!'ﬀ.<>!'0/
JW;ﬀ§`/=*-7.KVJ!'5?<98-10/?ﬀ."#?&V8-TM0Iu<>W`:=<cR]ﬂb <cb`ﬂ "!}`/%!'101"!MR`*-ﬀﬂ.!'5!'5%#?/?&V*-1"#
τR = 2/3
!'5?5%!'":=<]/2405%ﬂR
10"!'IM/@#=!'<.52!'0/Z*-7.TJ!'ﬀﬃKa!'N-Ç!'&[,a!'5=*-/?7.5%!'ﬀ
T < 1000 K
baA«8-<.5%!'ﬀ>ﬂﬃﬂ.!'5+(FW;ﬀ]/?5=*-XY/?"W;ﬀ<>!'06$/
#?":=<ﬃﬂ "!$#%!$#+f!'K."!'/2!'0/%!'5@*-7 G?ba¸!'35?5%!'":%<>!'ﬀC!'0ﬀ>!'57-s!'&[,L!'5=*-/?7.5+JW;ﬀ¿:S* b
1300 K
Ka!'IM0ﬀ.ﬀ]/
ﬂ.!'5£`/=*-7.K[6$7VJ!'5%ﬂ>*-&[, G»!'ﬀcRM2£W`ﬂ 7.5%:=<ﬂ "!ÀF,9*-6$0/=8-/D#=!'<.53#?/=*-5?XB*-K.ﬀ.0&[&Z/}»#SbMEFK.K.01"ﬂ 7.ﬀ.IZ½ b ´`¡Pb
}"!$#<9*-/@ﬂ "!Vﬀ]/%#?/%!'<`7.ﬀ.I_!'0ﬀ>!$#@/?5=*-ﬀ>#?,9*-5%!'ﬀ]/%!'ﬀU¸!'5%!'":%<>#SRsﬂ.!'5@ﬂ "!`/=*-7.K.<]Q.101"!V7.ﬀ>ﬂﬃﬂ.!'ﬀC!'ÎO
IJ!'ﬀ`/?10":%<>!'ﬀﬃ¢5%W;/%WM#?/%!'5?ﬀ/?5%!'ﬀ.ﬀ`/SRq6$7.5f>W;10IJ!MRaﬂ.!'ﬀ.ﬀﬂ "!BÀF,9*-6$0/=8-/f#?/%!'0IM/f!'5%#?/F24"!$ﬂ.!'5*-ﬀcRq2!'ﬀ.ﬀ
ﬂ "!-Ç!'&[,a!'5=*-/?7.5+:S* b
4500 K
!'5?5%!'":=<]/Sb}"!$#%!BLW;ﬀ>!Z"#%/}*-ﬀﬂ.!'&Ê,.1N*-/%!S*-79*-5?/?0IJ!'ﬀﬃ3!'5?1N*-7 G£ﬂ.!'5
-s!'&[,L!'5=*-/?7.5?XY7.5?J!Vﬀ9*-<>!
1500 K
0ﬀCEFK.K.01"ﬂ 7.ﬀ.I® b ´§6$7ﬃ!'5?XJ!'ﬀ.ﬀ>!'ﬀcbs}!$#%2!'IJ!'ﬀﬃ"#?/+!$#+0ﬀﬃﬂ "!PO
#%!'&Ô9*-101£6$2!$:%XY&V8-TM0I>RKa!'ﬂ.!'5B}!PÑ>ﬀ.0/?"W;ﬀUJW;ﬀ
Rτ
K.6$2+b
Mτ
²}1"!'":%<`7.ﬀ.I¥H® b¨½J¡%¡f6$24"#=:%<>!'ﬀ
X:=<?>	.Q
	]>LAd< AdCK<?>LH;>RQ.e B B*<
$
CKYKA*UNSDG>B >LAC>LU,>RA!CK>XQ Y*AKQP>LG
$
<?HOP< H;W S*>RAe.AKADGISKE>.>R< AK>RQ
a
\IA*HO GIA5OP>LA ^DG
L< O T_O0>L<?A*>  \IQPE'G
$
>Ib GﬁB >XQ
a
>L<?A*>=^KS EFH;<
a
G
$
<?H;WXSK> > CF>LYKOPYKA*U
f
¾MÉ
 

 

&
	
	
ﬁ
ﬃ

ﬂ
ﬁd

#

#

	
ﬁﬃ

	

#
ﬁ
!

ﬁ(
&-
 I



#
ﬁ
ﬁ(
#

 
 I
!
"
N
#


−22
−20
−18
−16
−14
−12
−10
−8
−6
−4
11 12 13 14 15 16 17 18 19
lo
g 
ρ 
[g
 cm
−
3 ]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
r ~ ρ−2
2
3
4
5
6
11 12 13 14 15 16 17 18 19
lo
g 
T 
[K
]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
−30
−25
−20
−15
−10
−5
0
11 12 13 14 15 16 17 18 19
u
 [k
m/
s]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
−6
−5
−4
−3
−2
−1
0
1
2
3
4
11 12 13 14 15 16 17 18 19
lo
g 
M
r 
/ M
O•
 
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
 
 





	 
 
 
  

 



 




 






 
 
	  

ﬀ

 






 
ﬁ 

  
   







 


 
ﬂ
ﬃ 
 

   










ﬁ 




 


 
 


 
 
r


 

 
 


! 
ﬃ


 




" 



ρ
#
$





 
 T
#

 




 

ﬃ
 







u




  
Mr                 r	 "  
   ﬀ





 
 
%








#






 

 

&

 
 
 
 




ﬃ 


'  
  


  
 

#
 
 
 


 
 
 
ﬃ 

 


'


 

(

 




 



) 
 






 



 
 
	 "
 
" 






* 
ﬁ 

 
ﬀ







 

ρ ∼ r−2
#
ﬃ

 
 


 
+   ﬀ

   

 

  
 
 



  
   

 


 

 
 
	
ÉM
¯
"$

%
 

ﬁ

 

&
	
	
ﬁ
4
N
ﬂ
ﬁ!
!
#


	
	
ﬁﬃ

−3
−2
−1
0
1
2
3
4
01234
l
o
g
 
L
 
[
L
O
•
 
]
log Teff [K]
τR=2/3
Kern
−3
−2
−1
0
1
2
3
4
5
6
7
0 5000 10000 15000 20000 25000 30000
l
o
g
 
L
 
[
L
O
•
 
]
Alter [a]
τR=2/3
LEdd
−8
−7
−6
−5
−4
−3
−2
0 5000 10000 15000 20000 25000 30000
−3
−2
−1
0
1
2
l
o
g
 
M
•
 
[
M
O
•
 
/
a
]
l
o
g
 
M
 
[
M
O
•
 
]
Alter [a]
MτR=2/3
M
•
τR=2/3
15
16
17
0 5000 10000 15000 20000 25000 30000
l
o
g
 
r
 
[
c
m
]
Alter [a]
τR=2/3
 
 






	






 

 

 














ﬁ
ﬀ

ﬂ


ﬃ

	



 


 



 
!



 


 

	





"





#



ﬂ

ﬀ  

$
%

 
 &
$
'

 


 
(





)+
*
,





$



-




 















-



 
 
ﬃ








.





"



*

	

	

 
 







/





(

 



)
	
0





"








 


 



 
%






 
!




$



 

(





)+
*

  
 


  


 












 
!



 


 



 
 
ﬃ








.





"



	
É 
Ò
 

 

&
	
	
ﬁ
ﬃ

ﬂ
ﬁd

#

#

	
ﬁﬃ

	

#
ﬁ
!

ﬁ(
&-
 I



#
ﬁ
ﬁ(
#

 
 I
!
"
N
#


−3
−2
−1
0
1
2
3
4
01234
lo
g 
L 
[L
O•
 
]
log Teff [K]
τR=2/3
Kern
−1
0
1
2
3
4
5
6
27360 27410 27460 27510 27560 27610 27660 27710
lo
g 
L 
[L
O•
 
]
Alter [a]
τR=2/3
LEdd
Kern
−4
−3
−2
−1
27360 27410 27460 27510 27560 27610 27660 27710
−3
−2
−1
0
1
lo
g 
M•
 
[M
O•
 
/a
]
lo
g 
M
 [M
O•
 
]
Alter [a]
MKern
M
•
Kern
13
14
15
27360 27410 27460 27510 27560 27610 27660 27710
lo
g 
r [
cm
]
Alter [a]
Kern
 
 





	
 
 
  
  

 



 




 






 
 
	 ! 
ﬃ


 



 




   




 )

 

	

 






 +












  
 

" 




 
%
  

&
#
'
  


 

ﬀ
 


!
 
 

 

  


 

ﬀ

   










ﬁ 


 



#

	  	
 
 



 


 


%



 
&
	









 ! 
ﬃ


 



 

 

   
 
    
 

%
  

&
#

   



  


  
 





   
 
    
 

   










ﬁ 

 
 



	
ÉM
½
"$

%
 

ﬁ

 

&
	
	
ﬁ
4
N
ﬂ
ﬁ!
!
#


	
	
ﬁﬃ

−22
−20
−18
−16
−14
−12
−10
−8
−6
−4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
ρ
 
[
g
 
c
m
−
3
]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
r ~ ρ−2
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
l
o
g
 
T
 
[
K
]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
−45
−40
−35
−30
−25
−20
−15
−10
−5
0
5
10 11 12 13 14 15 16 17 18 19
u
 
[
k
m
/
s
]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
−6
−5
−4
−3
−2
−1
0
1
2
3
4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
M
r
 
/
 
M
O
•
 
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
 
 






	
 





 

 

 




!

ﬀ

$
ﬁ
ﬀ

ﬂ


ﬃ

	
 

-



 





.












 

 


 
 





 






 
 
ﬃ








.





%



$

 
 






 r





 







 


 





'




 ρ*


ﬀ




  T *
%





  

 









u 


   Mr

 




 
 
%




 r	
'
 
 

-


 




 
(



 


*
 







 

)











 

 


ﬂ


,







 


 

*







ﬂ







 
 






,
 





 

 ﬀ  











ﬂ
 


 
ﬂ







	
'
 
'





ﬀ 



.



ﬃ

-





ﬂ
 


ρ ∼ r−2*  

 




 


#


-











 
 


 





 



ﬂ





 





	
ÉM
Ó
 

 

&
	
	
ﬁ
ﬃ

ﬂ
ﬁd

#

#

	
ﬁﬃ

	

#
ﬁ
!

ﬁ(
&-
 I



#
ﬁ
ﬁ(
#

 
 I
!
"
N
#


-1
0
1
2
3
4
012
lo
g 
L 
[L
O•
 
]
log Teff [K]
-1
0
1
2
3
4
5
6
7
0 2 4 6 8 10 12 14 16 18
lo
g 
L 
[L
O•
 
]
Alter [103 a]
LEdd
-4
-3
-2
0 2 4 6 8 10 12 14 16 18
0
1
2
lo
g 
M•
 
[M
O•
 
/a
]
lo
g 
M
 [M
O•
 
]
Alter [103 a]
MτR=2/3
M
•
τR=2/3
16
17
0 2 4 6 8 10 12 14 16 18
lo
g 
r [
cm
]
Alter [103 a]
τR=2/3
 
 





	
 
 
 
  

 



 









 
 
	 ! 
ﬃ


 






  


 

	

 




 

 +











   
 

" 




 
%
  

&
#
'
  


 

ﬀ




!
 
 

 

  


 

ﬀ

   










ﬁ 


 



#

	  	
 
 



 
 
 


%



 
&
	







 

 ! 
ﬃ


 



    

   
 
    
 

%
  

&
#

   



  


  
 





   
 
    
 

   










ﬁ 


 



	
É-
´
"$

%
 

ﬁ

 

&
	
	
ﬁ
4
N
ﬂ
ﬁ!
!
#


	
	
ﬁﬃ

−3
−2
−1
0
1
2
3
4
01234
l
o
g
 
L
 
[
L
O
•
 
]
log Teff [K]
Staubhülle
Kern
−4
−3
−2
−1
0
1
2
3
4
5
17350 17400 17450 17500 17550
l
o
g
 
L
 
[
L
O
•
 
]
Alter [a]
Staubhülle
LEdd
Kern
−2
−1
0
17350 17400 17450 17500 17550
−2
−1
0
1
l
o
g
 
M
•
 
[
M
O
•
 
/
a
]
l
o
g
 
M
 
[
M
O
•
 
]
Alter [a]
MτR=2/3
M
•
τR=2/3
MKern
M
•
Kern
12
13
14
17350 17400 17450 17500 17550
l
o
g
 
r
 
[
c
m
]
Alter [a]
τR=2/3
Kern
 
 





	






 

 

 




!

ﬀ

$
ﬁ
ﬀ

ﬂ


ﬃ

	



 


 



 
!



 


 


 
 

 


 




 





 

	





"





#



ﬂ

ﬀ  

$
%

 
 
$
'

 


 
(





)
*
,








-

 


 















-



 
 
ﬃ








.





"



*

	

	

 
 







/





(

 



)
	
0





"








 


 
 


 
%






 
!



 


 

(





)
*

  



  


 












 
!



 


 



 
 
ﬃ








.





"



	
'




!



 


  
 



 


 




 




 













 





*
-

 







.


.



  


%












 


 



"



ﬀ 


ﬀ 




 

ﬂ


 


	
ÉM
³
    & 		ﬁﬃ ﬂﬁd##	ﬁﬃ 	#ﬁ !ﬁ(&- I
#ﬁ ﬁ(#   I!" N#
ﬂ.!'5u`/=*-7.K.<`Q.101"!\7.ﬀ>ﬂ¿ﬂ.!'&Ï!'0IJ!'ﬀ`/?10":%<>!'ﬀÐ¢5%W;/%WM#?/%!'5?ﬀﬃ6$7¿7.ﬀ`/%!'5%#%:%<>!'"ﬂ.!'ﬀcb}"!VÀFKL!'5¤Õq8;:=<>!Vﬂ.!'5
`/=*-7.K.<`Q.101"!\2405%ﬂC*-ﬀﬃﬂ.!'5Z`/%!'101"!
Rτ
ﬂ.!PÑ>ﬀ."!'5?/SRÇ*-ﬀﬃﬂ.!'5
τR
!'5%#?/?&V*-1"#+JW;ﬀ*-7.TJ!'ﬀ¿<>!'5+IJ!$#%!'<>!'ﬀ
ﬂ.!'ﬀAﬃ!'5?/
2/3
*-ﬀ.ﬀ.0&[&Z/SRqﬂ "!BÀFKL!'5¤Õq8;:=<>!Zﬂ.!$#}¢5%W;/%WM#?/%!'5?ﬀ>#f*-ﬀﬂ.!'5`/%!'101"!MRq*-ﬀﬂ.!'5SR9KL!'!'0ﬀ>!'5
-s!'&[,L!'5=*-/?7.5JW;ﬀ
1500 K
Ka!'IM0ﬀ.ﬀ>!'ﬀ>ﬂRJﬂb <cb;JW;ﬀ\ﬂ.!'5Dﬁﬀ.ﬀ>!'ﬀ.XM*-ﬀ]/%!ﬂ.!'5`/=*-7.K.<`Q.101"!F*-ﬀcRMﬂ "!ﬀ9*;:%<
0ﬀ.ﬀ>!'ﬀºIJ!'&\!$#=#%!'ﬀ>!+W;,./?"#%:=<>!-"!PGH!!'5?ﬀ>!'7./Fﬂ.!'ﬀ§Aﬃ!'5?/
2/3
*-ﬀ.ﬀ.0&[&Z/ Jb
EF7>:%<¿0ﬀﬃﬂ "!$#%!'&9*-101K.01"ﬂ.!'/Z#?":%<¿!'0ﬀ¿<]¼ ﬂ 5%WM#?/=*-/?"#%:=<>!'5@(!'5?ﬀ¿0& `0ﬀ.ﬀ>![ﬂ.!'5+f!PÑ>ﬀ.0/?"W;ﬀ>#?IM1"!'ÎO
:=<]7.ﬀ.IH® b¨³J¡'b`&
f!'IJ!'ﬀ>#=*-/?6f6$7ﬂ.!'&^_W`ﬂ.!'101L&[0/XJW;ﬀ>#%/=*-ﬀ]/%!'5ÀF,9*-6$0/=8-/4#?0ﬀ>ﬂVﬂ.!'5£<]¼ ﬂ 5%WM#?/=*-/?ÎO
#%:=<>!(!'5?ﬀ\7.ﬀ>ﬂVﬂ.!'5D¢5%W;/%WM#?/%!'5?ﬀcR`2£*;#E10/%!'5SRJ^*;#%#%!7.ﬀ>ﬂE7>#=ﬂ.!'<.ﬀ]7.ﬀ.Iu*-ﬀ.IJ!'<`/SRJJW;ﬀ8-<.ﬀ.10":=<>!'5
}5%;TJ!'ﬀ>W;5%ﬂ ﬀ`7.ﬀ.I>b
 ek 
 
 
    k5B 2Q E E
¸!'qﬂ.!'ﬀ^_W`ﬂ.!'101"!'ﬀ&[0/D,.5?0&\W;5%ﬂ N*-1"!'5ÀF,9*-6$0/=8-/"#?/30&Âf!'IJ!'ﬀ>#=*-/?66$7ﬂ.!'ﬀ*-ﬀ>ﬂ.!'5%!'ﬀ^_W`ﬂ.!'101"!'ﬀ
ﬂ "!W;,./?"#%:=<·ﬂ Q.ﬀ.ﬀ>!¿ﬀ]/ﬁ24":%XY107.ﬀ.IJ#?,.<9*;#%!ﬃﬀ.":=<]/§"#%W;/?<>!'5?&ºR4ﬂ "!ﬃL!'ﬀ`/?5=*-10/%!'&[,L!'5=*-/?7.5KL!'/?5=8-IM/
Ka!'0&!'5%#?/?&V*-100IJ!'ﬀÈ5?5%!'":%<>!'ﬀÈJW;ﬀ
τR = 2/3 Tc = 1660 K
bf!'5<]¼ ﬂ 5%WM#?/=*-/?"#%:=<>!¿(!'5?ﬀ
K.01"ﬂ.!'/[#?":=<XY7.5?6§ﬂ>*-ﬀ9*;:%<ÐKL!'!'0ﬀ>!'5\L!'ﬀ]/?5=*-10/%!'&[,a!'5=*-/?7.5\JW;ﬀ
Tc = 3093 K
²L!'ﬀ]/?5=*-1"ﬂ ":%<`/%!
JW;ﬀ
ρc = 1.54 · 10
−7g cm−3
IJ!'IJ!'ﬀ`Q.KL!'5
Tc = 1196 K
R
ρc = 7.25 · 10
−11g cm−3
7.ﬀ>ﬂ
Tc = 4068 K
R
ρc = 3.13 ·10
−8g cm−3
0& 9*-101"!JW;ﬀ
κe−
K.6$2+b
κPopI
¡PbM}"!3ﬀ]/24":=X`107.ﬀ.IJ#%6S!'0/
ﬂ.!$#4(!'5?ﬀ>#£"#?/0&3!'5?IM1"!'":%<º6$7.&
EF10/%!'5£#%!'<.5XY7.5?6JR`ﬂ.!'5L!'0/?,.7.ﬀ.XY/#%!'0ﬀ>!'5ﬀ]/%#?/%!'<`7.ﬀ.I\<98-ﬀ.IM/
JW;ﬀﬂ.!'5fÀF,9*-6$0/=8-/F*-Kcb
}"!UEK.K.01"ﬂ 7.ﬀ.IJ!'ﬀ{® b¨½ Rf® b¨®¥7.ﬀ>ﬂ® b¨¾©6S!'0IJ!'ﬀÆﬂ "!U3ﬀ]/24":=X`107.ﬀ.I¶ﬂ.!$#_¢35%W;/%WM#?/%!'5?ﬀ>#0& Ì}Ł4O
}N*-IM5=*-&[&ºR;ﬂ "!D6S!'0/?10":=<>!ﬀ]/ﬁ24":%XY107.ﬀ.I+ﬂ.!'5Åc!'7>:=<]/?XY5=*±G /SRMﬂ.!$#ŁF*;ﬂ 07>#ﬂ.!$#¢5%W;/%WM#?/%!'5?ﬀ>#SR;#%!'0ﬀ>!'5
^*;#%#%!f7.ﬀ>ﬂºﬂ.!'5^*;#%#%!'ﬀ9*-XYXY5%!'/?"W;ﬀ>#?5=*-/%!@*-7 Gﬂ.!'ﬀ¢5%W;/%WM#?/%!'5?ﬀcb
}"!ÐÅc!'7>:%<`/?X`5=*±G»/
L
7.ﬀ>ﬂ ﬂ "!UV)a!'XY/?0`/%!'&[,a!'5=*-/?7.5
Teff
XJ;ﬀ.ﬀ>!'ﬀ ﬀ9*;:%< }1"!'":=<]7.ﬀ.IJ!'ﬀÊH® b¨ÓJ¡
7.ﬀ>ﬂÐH® b ´`¡4Ka!'5%!$:%<.ﬀ>!'/}2!'5%ﬂ.!'ﬀcRL2£!'ﬀ.ﬀ6$7.IM1"!'":=<ﬂ>*;#}!'5%#?/%!u^W;&\!'ﬀ`/}ﬂ.!'5`/?5=*-<.107.ﬀ.IJ#?0ﬀ]/%!'ﬀ>#%0/=8-/
H
²}1"!'":=<]7.ﬀ.I½ b0ÒMÒ ¡7.ﬀ>ﬂﬂ.!'5f¢<>W;/%WM#?,.<98-5%!'ﬀ.5=*;ﬂ 07>#
Rτ=2/3
Ka!'X;*-ﬀ.ﬀ`/}#?0ﬀ>ﬂbLÅc!'/?6$/%!'5%!\}5%;TJ!
2405%ﬂQ.KL!'5uﬂ "!VW;,./?"#%:=<>! -"!PGH!
τR
Ka!$#?/?0&[&@/SRs7.ﬀ>ﬂﬃ6$2*-5ZJW;ﬀÐ*-7.TJ!'ﬀﬀ9*;:=<0ﬀ.ﬀ>!'ﬀUIJ!'&\!$#%#%!'ﬀ
IJ!'&V8-T\}1"!'":%<`7.ﬀ.IH® b¨½J¡PbYYW;K9*-1"ﬂ!'5%#?/?&V*-1"#ﬂ.!'5Aﬃ!'5?/
2/3
Q.Ka!'5%#%:=<.5?0/?/%!'ﬀ2405%ﬂR]2405%ﬂﬂ "!Ås*-IJ!
ﬂ "!$#%!$#£¢7.ﬀ.XY/%!$#3GHW;10IJ!'ﬀ>ﬂ.!'5?&V*-TJ!'ﬀKL!$#%/?0&[&@/Z+YF"!IJ!'ﬀ9*-7>!f`/%!'101"!MR *-ﬀﬂ.!'5
τR = 2/3
IM010/SRJ&@7>#=#
0ﬀ.ﬀ>!'5?<9*-10KCﬂ.!'5Zf0/?/%!'5?6S!'101"!B10"!'IJ!'ﬀcRcﬂ "![*-7 G£ﬂ.!'5+ﬁﬀ.ﬀ>!'ﬀ>#%!'0/%![ﬂ 7.5%:%<C!'0ﬀ>!'ﬀ
τR
O²Aﬃ!'5?/@Q.KL!'5
2/3
R
*-7.TJ!'ﬀﬃﬂ 7.5%:=<C!'0ﬀ>!'ﬀ
τR
O²Aﬃ!'5?/7.ﬀ]/%!'5
2/3
Ka!'IM5%!'ﬀ.6$/2405%ﬂ
	
ﬂ "!BIJ!'ﬀ9*-7>![ÅÇ*-IJ!\ﬂ.!$#¢<>W;/%WM#%,.<98±O
5%!'ﬀ.5=*;ﬂ 07>#40ﬀﬂ "!$#%!'5L!'101"!}2405%ﬂ&[0/?/%!'1"#100ﬀ>!S*-5%!'5ﬀ`/%!'5?,LW;1N*-/?"W;ﬀ§Ka!'5%!$:%<.ﬀ>!'/Sb.¦#?/ﬂ.!'5£Aﬃ!'5?/JW;ﬀ
Rτ
KL!'XM*-ﬀ.ﬀ]/SRXM*-ﬀ.ﬀ­ﬂ "!§Åc!'7>:%<`/?X`5=*±G»/
L
7.ﬀ>ﬂﬂ "!§V)a!'XY/?0`/%!'&[,a!'5=*-/?7.5
Teff
ﬀ9*;:=<ª}1"!'":%<`7.ﬀ O
IJ!'ﬀ H® b¨ÓJ¡B7.ﬀ>ﬂµH® b ´`¡[KL!'5%!$:=<.ﬀ>!'/2£!'5%ﬂ.!'ﬀcb
Mτ
"#?/\ﬂ "!^*;#%#%!0ﬀ.ﬀ>!'5?<9*-10KªJW;ﬀ
Rτ
R3#?"!§2405%ﬂ
!'Ka!'ﬀ GH*-101"#&[0/?/%!'1"#100ﬀ>!S*-5%!'5ﬁﬀ]/%!'5?,aW;1N*-/?"W;ﬀKa!'5%!$:%<.ﬀ>!'/Sbq¸!$ﬂ>*-7>!'5?10":%<>!'5?2!'"#=!Z"#%/4KL!'Çﬂ "!$#=!'5E5?/
ﬂ.!'5D¸!'5%!$:=<.ﬀ]7.ﬀ.IB!'0ﬀ\IJ!'24"#%#%!$#ﬁŁ}*-7>#%:%<>!'ﬀ4ﬀ.":=<]/D6$7[J!'5?&\!'"ﬂ.!'ﬀcbY*;#10"!'IM/*-Ka!'5ﬀ.":%<`/ﬂ>*-5=*-ﬀcR
ﬂ>*;#%#Bﬂ "!^WYﬂ.!'101"ﬂ>*-/%!'ﬀÐﬀ]7.&\!'5?"#%:=<>!À}#?6$0101N*-/?"W;ﬀ>!'ﬀ6S!'0IJ!'ﬀcR#%W;ﬀ>ﬂ.!'5?ﬀ­*-ﬀÐﬂ.!'5uFﬀ.IJ!'ﬀ9*-7.0IMXJ!'0/
ﬂ.!'5ÅÇW;X;*-10"#?"!'5?7.ﬀ.Iﬂ 7.5%:%<º100ﬀ>!S*-5%!Zﬀ`/%!'5?,LW;1N*-/?"W;ﬀ0ﬀﬂ.!'&ÂKa!'2!'IM/%!'ﬀf0/?/%!'5Sb
ﬁﬀUﬂ.!'ﬀÐEFK.K.01"ﬂ 7.ﬀ.IJ!'ﬀ® b¨Ó R® b¨®7.ﬀ>ﬂU® b¨¾2!'5%ﬂ.!'ﬀﬂ>*;#BÌF!'5?/?6S#%,.5?7.ﬀ.I;OŁ7>#%#%!'101ÎO}N*-IM5=*-&[&7.ﬀ>ﬂ
ﬂ "!6S!'0/?10":=<>!ﬃﬀ]/ﬁ24":%XY107.ﬀ.I¥ﬂ.!'5ºÅc!'7>:=<]/?XY5=*±G /ﬂ.!$#<]¼ ﬂ 5%WM#?/=*-/?"#%:%<>!'ﬀ¶(!'5?ﬀ>#§IJ!'6S!'0IM/Sb4>!'5?ﬀ>!'5
2£!'5%ﬂ.!'ﬀﬂ "!\ﬀ`/24":=X`107.ﬀ.IJ!'ﬀÐﬂ.!'5@^*;#%#%!B7.ﬀ>ﬂ¿ﬂ.!$#+Ł}*;ﬂ 07>#+ﬂ.!$#@¢5%W;/%WM#%/%!'5?ﬀ>#
τR ≥ 2/3
¡
Mτ
K.6$2+b
rτ
7.ﬀ>ﬂ¿ﬂ.!$#<`¼Yﬂ 5%WM#%/=*-/?"#%:%<>!'ﬀU(!'5?ﬀ>#
u < 0,1uff
¡
MKern
K.6$2+b
rKern
*-K.IJ!'K.01"ﬂ.!'/
	
KL!'
-@ FQdCF<?>LH;>LA @DG
$A$
C YKQ CF>7CK<?>7\,^FOP< H;W S*> 
 <?>  >G>B CK>XQ!M5OP>
$$
> B >RQP>LW S*A*>XO b G_A CK>RQﬃCF< > 
g>LE^ >RQ G_OPYFQ(>RQPHO 
E'G
$
H
1500 K
>RQ;QP>L<?W S5O CF<?>U,>LA*GIY*>(M5OP>
$$
> C < Q C C <?>(GIY  CF>RQ ADTIW S*HOP>RA$MF>L< OP>2B >LH;W SKQP<?>-B >RA	E< O;OP>
$
H
$
<?AK> G_QP>RQ
	
A5OP>RQP^ \
$
G OP<?\,A B >LHOP<?EE O

f
ÉM®
"$

%
 

ﬁ

 

&
	
	
ﬁ
4
N
ﬂ
ﬁ!
!
#


	
	
ﬁﬃ

−22
−20
−18
−16
−14
−12
−10
−8
−6
−4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
ρ
 
[
g
 
c
m
−
3
]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
r ~ ρ−2
0
1
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
l
o
g
 
T
 
[
K
]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
−40
−35
−30
−25
−20
−15
−10
−5
0
10 11 12 13 14 15 16 17 18 19
u
 
[
k
m
/
s
]
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
−6
−5
−4
−3
−2
−1
0
1
2
3
4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
M
r
 
/
 
M
O
•
 
log r [cm]
τR≤2/3
τR≥2/3
u<0.1⋅vff
 
 






	
 





 

 

  




!

ﬀ
  
$
ﬁ
ﬀ

ﬂ


ﬃ

	
 

-



 





.












 




 
 





 






 
 
ﬃ








.





%

$



 
 






 r





 







 


 





'




 ρ*


ﬀ




 T *
%





  

 









u 


   Mr

 




 
 
%




 r	
'
 
 

-


 




 
(



 


*
 







 

)











 

 


ﬂ


,







 


 

*







ﬂ







 
 






,
 





 

 ﬀ  











ﬂ
 


 
ﬂ







	




 



 






 

 






.

 ρ ∼ r−2 $






-

 
'





ﬀ 







 
ﬀ 
ﬃ


 



*
 

 




 


#


-











 
 








 



ﬂ





 





	
ÉJ
×
 

 

&
	
	
ﬁ
ﬃ

ﬂ
ﬁd

#

#

	
ﬁﬃ

	

#
ﬁ
!

ﬁ(
&-
 I



#
ﬁ
ﬁ(
#

 
 I
!
"
N
#


−3
−2
−1
0
1
2
3
4
5
234
lo
g 
L 
[L
O•
 
]
log Teff [K]
τR=2/3
Kern
−3
−2
−1
0
1
2
3
4
5
0 20 40 60 80 100 120
lo
g 
L 
[L
O•
 
]
Alter [a]
τR=2/3
LEdd
Kern
−4
−3
−2
−1
0
0 20 40 60 80 100 120
−4
−3
−2
−1
0
1
lo
g 
M•
 
[M
O•
 
/a
]
lo
g 
M
 [M
O•
 
]
Alter [a]
MτR=2/3
M
•
τR=2/3
MKern
M
•
Kern
12
13
14
0 20 40 60 80 100 120
lo
g 
r [
cm
]
Alter [a]
τR=2/3
Kern
 
 





	
 
 
  
  

 



 




  




 
 
	 ! 
ﬃ


 



 
 
    
 
 

  




   




 )

 

	

 




 

 +












  
 

" 




 
%
  

&
#
'
  


 

ﬀ
 


!
 
 

 

  


 

ﬀ

   










ﬁ 


 



#

	  	
 
 



 


 


%



 
&
	










! 
ﬃ


 



 

 

   
 
    
 

%
  

&
#

   



  


  
 





   
 
    
 

   










ﬁ 


 



	 "
 
 
    
 


 
 



   




)

 

 

  



 

#
ﬀ

 





)


ﬁ 

ﬁ 
 
   



 

    
 


   
 

 






  
 




 
 

 	 " 
 
)


ﬁ 


 
  
ﬀ




  
 $


 

  




  








   
	
ÉM
¾
"$%   ﬁ   & 		ﬁ4Nﬂﬁ!!#		ﬁﬃ
ﬂ.!'ﬀµ^_WYﬂ.!'101"!'ﬀÈ&[0/¢sW;,>O¦ÀF,9*-6$0/=8-/2405%ﬂ·6$24"#%:%<>!'ﬀﬂ.!'&<]¼ ﬂ 5%WM#?/=*-/?"#%:%<>!'ﬀ(!'5?ﬀ·7.ﬀ>ﬂ·ﬂ.!'5
`/=*-7.K.<`Q.101"!@7.ﬀ`/%!'5%#%:%<."!$ﬂ.!'ﬀ»EK.K.01"ﬂ 7.ﬀ.IJ!'ﬀ® b¨®u7.ﬀ>ﬂ® b¨³J¡Pb
Y:=<.10"!'TM10":%<ﬃ2405%ﬂ0ﬀEK.K.01"ﬂ 7.ﬀ.I® b¨É6$73!'5?IM1"!'":%<>#%6$2!$:%XJ!'ﬀUﬂ.!'5Eﬀ G²*-ﬀ.IJ#¤O47.ﬀ>ﬂﬀ>ﬂ 6$7>#?/=*-ﬀ>ﬂ
»5?5%!'":=<>!'ﬀ¶!'0ﬀ>!'5L!'ﬀ`/?5=*-10/%!'&[,L!'5=*-/?7.5
Tc = 10
5 K
¡ﬂ.!'5º^WYﬂ.!'101"!&[0/7.ﬀ]/%!'5%#%:=<."!$ﬂ 10":%<>!'ﬀ
ÀF,9*-6$0/=8-/%!'ﬀIJ!'6S!'0IM/Sb¸!'*-101"!'ﬀ­`0&@7.1N*-/?"W;ﬀ>#%5%!$:%<.ﬀ]7.ﬀ.IJ!'ﬀª<9*-ﬀ>ﬂ.!'10/[!$#Z#%":%<Ð7.&Ô^_WYﬂ.!'101"!V&[0/
!'0ﬀ>!'5ºEFﬀ GH*-ﬀ.IJ#%/%!'&[,L!'5=*-/?7.5§JW;ﬀ
Tinit = 200 K
7.ﬀ>ﬂÈEﬀ G²*-ﬀ.IJ#?/%!'01":=<>!'ﬀ>ﬂ ":%<]/%!JW;ﬀ
ninit =
104 cm−3
R ﬂ "!3#?":%<@ﬀ]7.5Çﬂ 7.5%:=<Zﬂ "!3*-ﬀ.IJ!'ﬀ>W;&[&\!'ﬀ>!£}8-<>!'5?7.ﬀ.IG Q.5cﬂ "!ÀF,9*-6$0/=8-/Ç7.ﬀ]/%!'5%#%:=<>!'"ﬂ.!'ﬀcb
}"!45?IJ!'K.ﬀ."#%#=!ﬂ "!$#%!'5`0&@7.1N*-/?"W;ﬀ>#%5%!$:%<.ﬀ]7.ﬀ.IJ!'ﬀº#%0ﬀ>ﬂB0ﬀ$-s*-Ka!'101"!® b0Ò6$7>#=*-&[&\!'ﬀ.IJ!PG²*;#%#?/SbJEF7 G O
IJ!'10"#?/%!'/+#%0ﬀ>ﬂﬀ>!'Ka!'ﬀ¿ﬂ.!'ﬀﬃEﬀ G²*-ﬀ.IJ#?2£!'5?/%!'ﬀﬃﬂ "!Vf!$#=*-&@/?&V*;#=#%![ﬂ.!'5@*;#?2W;10XJ!MRﬂ "![^*;#%#%!uﬂ.!$#
¢5%W;/%WM#%/%!'5?ﬀ>#F*-& ﬀ>ﬂ.!@ﬂ.!'5Ł!$:%<.ﬀ`7.ﬀ.I>R9#%W 24"!+ﬂ "!^*;#%#%!ﬂ.!$#<]¼ ﬂ 5%WM#?/=*-/?"#%:=<>!'ﬀ_(!'5?ﬀ># b A«8-< O
5%!'ﬀ>ﬂﬂ "!a*-<.1"!'ﬀ]2!'5?/%!@ﬂ.!$#<`¼Yﬂ 5%WM#%/=*-/?"#%:%<>!'ﬀº(!'5?ﬀ>#G»Q.5*-101"!f^_W`ﬂ.!'101"!FJW;ﬀ8-<.ﬀ.10":=<>!'5F}5%;TJ!'ﬀ O
W;5%ﬂ ﬀ`7.ﬀ.I#?0ﬀ>ﬂRa2!'":=<>!'ﬀCﬂ "!BJW;ﬀ
Mτ
#?/=*-5?XJW;ﬀ>!'0ﬀ9*-ﬀ>ﬂ.!'5Z*-KcRa2£*;#+*-ﬀﬃﬂ.!'5f!PÑ>ﬀ.0/?"W;ﬀCﬂ "!$#%!'5
}5%;TJ!+10"!'IM/Sb
    8ﬀ 14" " ,4&)(Kﬁﬀ4ﬂ	7ﬀ4!#" ; &>,48 ﬀﬃ!#1=ﬀﬃ! & ﬀ
f!'IJ!'ﬀ>#%/=*-ﬀ>ﬂﬂ "!$#%!$#BEK>#%:=<.ﬀ.0/?/%#\#?0ﬀ>ﬂU^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀ©&[0/B7.ﬀ]/%!'5%#=:%<."!$ﬂ 10":%<>!'ﬀªEﬀ G²*-ﬀ.IJ#¤O
2£!'5?/%!'ﬀﬂ.!'5+`/?5?7.XY/?7.5?;*-5?N*-K.1"!'ﬀcbc`"!Z247.5%ﬂ.!'ﬀ_ﬂ 7.5%:=<.IJ!PG Q.<.5?/SRa7.&ﬂ.!'ﬀ_0ﬀ Õ>7>#=#}ﬂ.!'5}Eﬀ G²*-ﬀ.IJ#¤O
Ka!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀ_*-7 Gﬂ "!+ﬀ`/24":%XY107.ﬀ.Iﬂ.!$#¢5%W;/%WM#?/%!'5?ﬀ>#6$7º7.ﬀ]/%!'5%#%7>:%<>!'ﬀcb
3##?/%!'1010/#?":%<¥<>!'5=*-7>#SRﬂ>*;#=#Vﬂ "!ºAC*-<.1}ﬂ.!'5EFﬀ GH*-ﬀ.IJ#%2!'5?/%!ﬀ]7.5IJ!'5?0ﬀ.IJ!'ﬀª0ﬀ Õ>7>#=#*-7 G@ﬂ "!
ﬀ`/24":=X`107.ﬀ.IÐ<9*-/SbAª"!0ﬀ©Ł0,9*-&\W;ﬀ`/?F!'/V*-1²b¬¨³M¯±°FKL!'5%!'0/%#BGH!$#?/?IJ!$#?/%!'1010/SR3IJ!'<]/V28-<.5%!'ﬀ>ﬂ©ﬂ.!'5
"#%W;/?<>!'5?&\!'ﬀ_¢<9*;#%!+ﬂ "!35?0ﬀ.ﬀ>!'5?7.ﬀ.I*-ﬀºﬂ "!+EFﬀ G²*-ﬀ.IJ#?KL!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀJ!'5?1"W;5%!'ﬀcb
ÒMb
 k5B 2Q E E   B m QBﬃ@ 
^WYﬂ.!'101"!MR ﬂ "!F#%":%<ﬀ]7.54ﬂ 7.5%:%<ºﬂ "!ÀF,9*-6$0/=8-/47.ﬀ]/%!'5%#=:%<>!'"ﬂ.!'ﬀcR.247.5¤O
ﬂ.!'ﬀ0&ÔJ!'5?I]*-ﬀ.IJ!'ﬀ>!'ﬀ­EK>#=:%<.ﬀ.0/?/[*-7>#¤G Q.<.5?10":=<ÐKL!$#%:=<.5?"!'KL!'ﬀcb}"!EFﬀ G²*-ﬀ.IJ#¤OF7.ﬀ>ﬂUﬀ>ﬂYO
#?/=*;ﬂ "!'ﬀﬂ.!'5}`0&Z7.1N*-/?"W;ﬀ>#?5%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀﬃ#?0ﬀ>ﬂ§0ﬀºEFK.K.01"ﬂ 7.ﬀ.I® b¨ÉB6$7#%!'<>!'ﬀcb
½ b
 LB)L>A EC@ D kﬃ@m%B EGJ`m  L#A ECB)LE PLB)L>A EC@ QgoMp#@ L#MQgoSpEC@ J5L#M  k5B 2Q E E  IB

m QBﬃ@ 
¸!'@^_W`ﬂ.!'101"!'ﬀ&[0/IM1"!'":=<>!'5_EFﬀ G²*-ﬀ.IJ#?/%!'&[,L!'5=*-/?7.5
Tinit = 200 K
¡PR*-Ka!'5
7.ﬀ]/%!'5%#%:=<."!$ﬂ 10":%<>!'5ﬃEFﬀ GH*-ﬀ.IJ#?/%!'01":=<>!'ﬀ>ﬂ ":%<`/%!·
ninit = 10
4 cm−3
R
ninit = 10
5 cm−3
R
ninit = 10
6 cm−3
¡["#?/KL!$#%W;ﬀ>ﬂ.!'5%#IM7./#%":%<]/?K9*-5SR4ﬂ>*;#=#Vﬂ "!_5?0ﬀ.ﬀ>!'5?7.ﬀ.I­*-ﬀªﬂ "!Eﬀ O
GH*-ﬀ.IJ#?Ka!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀ«2£8-<.5%!'ﬀ>ﬂªﬂ.!'5V"#%W;/?<>!'5?&\!'ﬀ«EFﬀ GH*-ﬀ.IJ#?,.<9*;#=!ºJ!'5?1"W;5%!'ﬀªIJ!'<]/¿»EK.K.01ÎO
ﬂ 7.ﬀ.IJ!'ﬀ_® b0ÒS¯BK."#® b0ÒS½J¡Pb
A«8-<.5%!'ﬀ>ﬂ§ﬂ.!'5"#%W;/?<>!'5?&\!'ﬀºEFﬀ GH*-ﬀ.IJ#%,.<9*;#%!f#?/%!'0IM/4ﬂ "!}}":=<]/%!f7.&&\!'<.5%!'5%!@}5%;TJ!'ﬀ>W;5%ﬂYO
ﬀ]7.ﬀ.IJ!'ﬀ\Ka!'JW;5ﬂ "!AﬃW;10XJ!4W;,./?"#%:%<\ﬂ ":=X@2405%ﬂ
	
0ﬀ[ﬂ "!$#%!'& `0ﬀ.ﬀ>!!'ﬀ]/%#?,.5%!$:=<>!'ﬀﬂ "!^_W`ﬂ.!'1ÎO
1"!&[0/ﬂ.!'54<>;<>!'5%!'ﬀEFﬀ GH*-ﬀ.IJ#%/%!'01":%<>!'ﬀ>ﬂ ":%<`/%!Zﬂ.!'ﬀ#?,98-/%!'5%!'ﬀﬀ`/24":%XY107.ﬀ.IJ#?,.<9*;#%!'ﬀ!'0ﬀ>!$#
^WYﬂ.!'101"#&[0/FIJ!'5?0ﬀ.IJ!'5%!'5FEFﬀ GH*-ﬀ.IJ#?/%!'01":=<>!'ﬀ>ﬂ ":%<`/%!MbF"!@ﬀ]/ﬁ24":%XY107.ﬀ.IJ!'5?1N8-7 G»/SR>24"!+KL!'ÎO
#?,."!'1"#?2!'"#=!+0ﬀºEFK.K.01"ﬂ 7.ﬀ.I® b0ÒS¯B6$7º#%!'<>!'ﬀ"#?/SR 0ﬀ*-101"!'ﬀ8-101"!'ﬀºﬀ9*-<>!'6$7ºIM1"!'":=<cb9¸!$ﬂ 0ﬀ.IM/
ﬂ 7.5%:%<¿ﬂ "!Z(FW;ﬀ>#?/?5?7.XY/?"W;ﬀﬃﬂ.!'5}^_W`ﬂ.!'101"!@<9*-KL!'ﬀﬂ "!u^WYﬂ.!'101"!@&[0/}<>;<>!'5%!'5Eﬀ G²*-ﬀ.IJ#?/%!'01ÎO
:%<>!'ﬀ>ﬂ ":%<`/%!Z!'0ﬀ>!}IJ!'5?0ﬀ.IJ!'5%!Z!$#=*-&@/?&V*;#%#=!f7.ﬀ>ﬂﬂ>*-&[0/!'0ﬀ>!'ﬀ§XY1"!'0ﬀ>!'5%!'ﬀf!$#=*-&Z/?5=*;ﬂ 07>#Sb
E7>:=<ﬂ "!$#%!¥^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀ
247.5%ﬂ.!'ﬀ Ka!$!'ﬀ>ﬂ.!'/SRu#%W;K9*-1"ﬂ{ﬂ "!«L!'ﬀ]/?5=*-10/%!'&[,a!'5=*-/?7.5
105 K
!'5?5%!'":%<`/<9*-/Sbqq7ºﬂ "!$#%!'&L!'0/?,.7.ﬀ.X`/ﬂ.!'53ﬀ]/24":=X`107.ﬀ.I§#?0ﬀ>ﬂ§#%"!^WYﬂ.!'101"!MR>*-K.IJ!PO
#%!'<>!'ﬀºJW;ﬀﬂ.!'5Ås*-IJ!+ﬂ.!$#EF7.TJ!'ﬀ.5=*;ﬂ 07>#SR.ﬀ.":%<`/JW;ﬀ>!'0ﬀ9*-ﬀ>ﬂ.!'5}6$7§7.ﬀ]/%!'5%#%:=<>!'"ﬂ.!'ﬀcb
Ó b
 LB)L>A EC@ Q 6oMp0@9L0M5QgoMpEC@   L0A ECB)LE PL B)L A EC@9Dlkﬃ@m B EGJUmﬁJ5L#M  k5B 2Q E E  IB

m QBﬃ@ 
ÉMÉ
 

 

&
	
	
ﬁ
ﬃ

ﬂ
ﬁd

#

#

	
ﬁﬃ

	

#
ﬁ
!

ﬁ(
&-
 I



#
ﬁ
ﬁ(
#

 
 I
!
"
N
#


-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
10 11 12 13 14 15 16 17 18 19
lo
g 
ρ 
[g
 cm
-
3 ]
log r [cm]
κ=const
κPopI
κPopIII
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
lo
g 
T 
[K
]
log r [cm]
κ=const
κPopI
κPopIII
-45
-40
-35
-30
-25
-20
-15
-10
-5
0
10 11 12 13 14 15 16 17 18 19
u
 [k
m/
s]
log r [cm]
κ=const
κPopI
κPopIII
-6
-5
-4
-3
-2
-1
0
1
2
3
4
10 11 12 13 14 15 16 17 18 19
lo
g 
M
r 
/ M
 
·O
log r [cm]
κ=const
κPopI
κPopIII
 
 





	
 
    ﬀ








! 
   




 
 
  

 






 
 


 


 

 

ﬃ 
  
 




 
 
 







 
 
 ﬀ

 Tinit = 200 K  
ninit = 10
4 cm−3	
ÒS
¯M
¯
"$

%
 

ﬁ

 

&
	
	
ﬁ
4
N
ﬂ
ﬁ!
!
#


	
	
ﬁﬃ

-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
ρ
 
[
g
 
c
m
-
3
]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
l
o
g
 
T
 
[
K
]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
-45
-40
-35
-30
-25
-20
-15
-10
-5
0
10 11 12 13 14 15 16 17 18 19
u
 
[
k
m
/
s
]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
-8
-6
-4
-2
0
2
4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
M
r
 
/
 
M
 
·
O
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
 
 





	
  





 

 

 

 












ﬁ
ﬀ

ﬂ


ﬃ

 

 

-


 


ﬀ





.

 200 K*



 

-


 

















 
 104 cm−3*
105 cm−3* 

106 cm−3	
 

-



 







 







 

-


 
$



















ﬀ 
 










 

 

 

	
ÒS
¯ 
Ò
 

 

&
	
	
ﬁ
ﬃ

ﬂ
ﬁd

#

#

	
ﬁﬃ

	

#
ﬁ
!

ﬁ(
&-
 I



#
ﬁ
ﬁ(
#

 
 I
!
"
N
#


-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
10 11 12 13 14 15 16 17 18 19
lo
g 
ρ 
[g
 cm
-
3 ]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
lo
g 
T 
[K
]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
-30
-25
-20
-15
-10
-5
0
10 11 12 13 14 15 16 17 18 19
u
 [k
m/
s]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
-8
-6
-4
-2
0
2
4
10 11 12 13 14 15 16 17 18 19
lo
g 
M
r 
/ M
 
·O
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
 
 





	 
 
 
 
  

 




 









 
  





  


    ﬀ



 




 

ﬁ 
 200 K
#



   ﬀ



 
 








   



104 cm−3
#
105 cm−3
#



106 cm−3	  

ﬀ

 






 

ﬂ
ﬃ 
 
 


   ﬀ








! 
   







 







 
 
  

 



	
ÒS
¯M
½
"$

%
 

ﬁ

 

&
	
	
ﬁ
4
N
ﬂ
ﬁ!
!
#


	
	
ﬁﬃ

-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
ρ
 
[
g
 
c
m
-
3
]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
l
o
g
 
T
 
[
K
]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
-25
-20
-15
-10
-5
0
10 11 12 13 14 15 16 17 18 19
u
 
[
k
m
/
s
]
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
-8
-6
-4
-2
0
2
4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
M
r
 
/
 
M
 
·
O
log r [cm]
ninit=10
4
ninit=10
5
ninit=10
6
 
 






	
  





 

 

 

 


!

ﬀ
  
$
ﬁ
ﬀ

ﬂ


ﬃ

 
 









 

-


 


ﬀ





.

 200 K*



 

-


 

















 
 104 cm−3*
105 cm−3* 

106 cm−3	
 

-



 







 







 

-


 
$



















ﬀ 
 










 

 

 

	
ÒS
¯M
Ó
 

 

&
	
	
ﬁ
ﬃ

ﬂ
ﬁd

#

#

	
ﬁﬃ

	

#
ﬁ
!

ﬁ(
&-
 I



#
ﬁ
ﬁ(
#

 
 I
!
"
N
#


-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
10 11 12 13 14 15 16 17 18 19
lo
g 
ρ 
[g
 cm
-
3 ]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
1
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
lo
g 
T 
[K
]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
-50
-45
-40
-35
-30
-25
-20
-15
-10
-5
0
10 11 12 13 14 15 16 17 18 19
u
 [k
m/
s]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
-7
-6
-5
-4
-3
-2
-1
0
1
2
3
4
10 11 12 13 14 15 16 17 18 19
lo
g 
M
r 
/ M
 
·O
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
 
 





	 

 
 
 
  

 




 




 






 
  


   ﬀ



 









 ﬁ 
 104 cm−3
#



   ﬀ



 




 

  



100 K
#
200 K



400 K	  

ﬀ

 






 

ﬂ
ﬃ 
 
 


   ﬀ








! 
   



 



 







 
 
  

 



	
ÒS
¯-
´
"$

%
 

ﬁ

 

&
	
	
ﬁ
4
N
ﬂ
ﬁ!
!
#


	
	
ﬁﬃ

-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
ρ
 
[
g
 
c
m
-
3
]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
l
o
g
 
T
 
[
K
]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
-30
-25
-20
-15
-10
-5
0
10 11 12 13 14 15 16 17 18 19
u
 
[
k
m
/
s
]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
-7
-6
-5
-4
-3
-2
-1
0
1
2
3
4
10 11 12 13 14 15 16 17 18 19
l
o
g
 
M
r
 
/
 
M
 
·
O
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
 
 





	
 
 





 

 

 

 


!

ﬀ

$
ﬁ
ﬀ

ﬂ


ﬃ


 









(

	
 
 
)


 

-


 














.

 104 cm−3*



 

-


 


ﬀ




 



 
 100 K* 200 K 

400 K	
 

-



 







 







 

-


 
$



















ﬀ 
 










 

 

 

	
ÒS
¯M
³
 

 

&
	
	
ﬁ
ﬃ

ﬂ
ﬁd

#

#

	
ﬁﬃ

	

#
ﬁ
!

ﬁ(
&-
 I



#
ﬁ
ﬁ(
#

 
 I
!
"
N
#


-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
10 11 12 13 14 15 16 17 18 19
lo
g 
ρ 
[g
 cm
-
3 ]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
2
3
4
5
6
10 11 12 13 14 15 16 17 18 19
lo
g 
T 
[K
]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
-30
-25
-20
-15
-10
-5
0
10 11 12 13 14 15 16 17 18 19
u
 [k
m/
s]
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
-7
-6
-5
-4
-3
-2
-1
0
1
2
3
4
10 11 12 13 14 15 16 17 18 19
lo
g 
M
r 
/ M
 
·O
log r [cm]
Tinit=100 K
Tinit=200 K
Tinit=400 K
 
 





	 

 
 
 
  

 




 




  




 
  


   ﬀ



 
 








 ﬁ 
 104 cm−3
#



   ﬀ



 




 

  



100 K
#
200 K



400 K	  

ﬀ

 






 

ﬂ
ﬃ 
 
 


   ﬀ








! 
   



 



 







 
 
  

 



	
ÒS
¯M
®
"$%   ﬁ   & 		ﬁ4Nﬂﬁ!!#		ﬁﬃ
¸£!'£^WYﬂ.!'101"!'ﬀcRÇﬂ "!#?":%<KL!'DIM1"!'":%<>!'5BEﬀ G²*-ﬀ.IJ#?/%!'01":%<>!'ﬀ>ﬂ ":=<]/%!§ﬂ 7.5%:=<7.ﬀ`/%!'5%#%:%<."!$ﬂ 10":=<>!
Eﬀ G²*-ﬀ.IJ#?/%!'&[,a!'5=*-/?7.57.ﬀ`/%!'5%#%:%<>!'"ﬂ.!'ﬀ »EFK.K.01"ﬂ 7.ﬀ.IJ!'ﬀ«® b0ÒSÓK."#® b0ÒS³J¡PRD#?0ﬀ>ﬂ¥ﬂ "!ºFﬀ]/%!'5¤O
#%:%<."!$ﬂ.!@0ﬀºﬂ.!'5ﬀ]/ﬁ24":%XY107.ﬀ.Iﬀ]7.5 `79*-ﬀ]/?0/=*-/?0J!'5}}*-/?7.5Sb
F"!ZEK.K.01"ﬂ 7.ﬀ.IJ!'ﬀ¿® b0ÒS¯[K."#}® b0ÒS³\!'ﬀ`/%#?,.5%!$:%<>!'ﬀ¿ﬂ.!'ﬀEFK.K.01"ﬂ 7.ﬀ.IJ!'ﬀ¿® b0Ò+K."#F® b ×[&[0/Fﬂ.!'&
ﬀ`/%!'5%#%:%<."!$ﬂR`ﬂ>*;#%#<."!'5ﬀ]7.5Eﬀ G²*-ﬀ.IJ#¤Oc7.ﬀ>ﬂ[ﬀ>ﬂ 6$7>#?/=*-ﬀ>ﬂﬂ.!'53Ł!$:=<.ﬀ]7.ﬀ.IJ!'ﬀ*-7 G»IJ!'/?5=*-IJ!'ﬀ
#?0ﬀ>ﬂbqEF7>:%<ﬂ "!$#%!u^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀ¿247.5%ﬂ.!'ﬀKL!'5?5%!'":%<>!'ﬀ¿ﬂ.!'5+L!'ﬀ]/?5=*-10/%!'&[,a!'5=*-/?7.5
JW;ﬀ
1,5 · 105 K
Ka!$!'ﬀ>ﬂ.!'/Sb
ﬁﬀ>#?IJ!$#=*-&Z/£1N8;#=#?/£#%":%<G»!$#%/%#?/%!'101"!'ﬀcR`ﬂ>*;#=#£ﬂ "!f^_W`ﬂ.!'101"!Fﬀ]7.54!'0ﬀ>!}IJ!'5?0ﬀ.IJ!fEK.<98-ﬀ.IM0IMXJ!'0/4JW;ﬀ§ﬂ.!'5
#?,a!'6$"!'101"!'ﬀºAC*-<.1Çﬂ.!'5FEﬀ G²*-ﬀ.IJ#?Ka!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀº6S!'0IJ!'ﬀcb
    &)( !0<:&>8ﬁﬃﬂ  8 * ﬂ	(ﬂﬃ&)(2&>ﬀ  & ﬁﬃﬂ=ﬀ51=ﬀﬃ! & ﬀ
}"![^_W`ﬂ.!'101"![W;<.ﬀ>![:=<>!'&["#%:%<>!$#uF!'/?6$2£!'5?X_#%0ﬀ>ﬂﬀ]7.5+Ka!$ﬂ 0ﬀ.IM/&[0/+ﬂ.!'ﬀ>!'ﬀﬃJW;& ÀF&@7.XM*-37.ﬀ>ﬂ
F"#?<.Ç¬ ´]½-°LW`ﬂ.!'5DŁ0,9*-&\W;ﬀ]/?L!'/£*-1²b>¬¨³M¯-°qJ!'5?IM1"!'":%<]K9*-5Sb f!'ﬀ.ﬀ>WY:%<VXM*-ﬀ.ﬀ\Ka!'5%!'0/%#D&[0/Ì01ÎGH!ﬂ "!$#%!'5
^_W`ﬂ.!'101"!@>W;10IJ!'ﬀ>ﬂ.!$#4GH!$#?/?IJ!'<9*-10/%!'ﬀº2£!'5%ﬂ.!'ﬀ +
•
ﬁﬀ¿*-101"!'ﬀ_8-101"!'ﬀXJW;101N*-K."!'5?/ﬂ "!u*-ﬀ G²*-ﬀ.IJ#}IM5=*$Y0/=*-/?00ﬀ>#?/=*-K.01"!ZAﬃW;10XJ!u7.ﬀ>ﬂK.01"ﬂ.!'/!'0ﬀ>!'ﬀ
W;,./?"#%:%<ªﬂ ":%XJ!'ﬀ©7.ﬀ>ﬂ©!'0ﬀ>!'ﬀ­<]¼ ﬂ 5%WM#?/=*-/?"#%:=<>!'ﬀª(!'5?ﬀcR0ﬀ¥ﬂ.!'ﬀ>!'ﬀ­ﬀ]7.5!'0ﬀ­#%!'<.5\IJ!'5?0ﬀ.IJ!'5
-Ç!'01Dﬂ.!'5Zf!$#h*-&@/?&V*;#%#%![!'ﬀ`/?<9*-10/%!'ﬀ#?0ﬀ>ﬂbaFﬀ9*-K.<98-ﬀ.IM0IºJW;&Ï*-ﬀ.IJ!'ﬀ>W;&[&\!'ﬀ>!'ﬀEFK>#%W;5?, O
/?"W;ﬀ>#?XJW`!,6\6$"!'ﬀ`/%!'ﬀÑ>ﬀ>ﬂ.!'/}ﬂ.!'5(W;101N*-,>#Fﬀ9*-<>!'6$7º0&
G»5%!'"!'ﬀ9*-101#?/=*-/?/Sb.}"!+¸£01"ﬂ 7.ﬀ.IVJW;ﬀ
&V*;#%#%!'5%!'":%<>!'ﬀ[¢W;,>%%O¦`/%!'5?ﬀ>!'ﬀ@28-5%!ﬀ9*;:=<uﬂ.!'ﬀu5?IJ!'K.ﬀ."#%#%!'ﬀBﬂ "!$#%!'5^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀcR
#%!'10K>#?/W;<.ﬀ>!+ﬂ "!:=<>!'&["#%:%<>!uﬀ`/24":%XY107.ﬀ.I!'0ﬀ.6$7.KL!'6$"!'<>!'ﬀcR9&\;IM10":%<cb
•
}"!AC*-<.1ﬂ.!'5uEﬀ G²*-ﬀ.IJ#?Ka!$ﬂ 0ﬀ.IM7.ﬀ.IJ!'ﬀÐ#%,."!'10/+G»Q.5Zﬂ>*;#@3ﬀ>ﬂ.!'5?IJ!'K.ﬀ."#BXJ!'0ﬀ>!\2!$#=!'ﬀ]/?10":%<>!
ŁW;101"!Mb
•
}"![¸!'ﬀ]7./?6$7.ﬀ.I!'0ﬀ>!'5X`Q.ﬀ>#?/?10":=<>!'ﬀﬃ}"#?XJWM#?0/=8-/}G Q.<.5?/f6$7.5+EF7>#%#%:=<.&["!'5?7.ﬀ.Iﬂ.!$#@`/%W;TJ!$#
Q.KL!'5&\!'<.5%!'5%!f0/?/%!'5?6S!'101"!'ﬀcRc#%W§ﬂ>*;#%#ﬂ.!'5Z`/%W;T§ﬀ`7.5+ﬀ98-<>!'5?7.ﬀ.IJ#?2!'"#=![KL!'5%!$:=<.ﬀ>!'/@2405%ﬂb
YWS2W;<.1DÀF&Z7.X;*-7.ﬀ>ﬂF"#?<.£¬ ´]½±°*-1"#f*-7>:%<Ł0,9*-&\W;ﬀ]/?!'/*-1²bÇ¬¨³M¯±°sJ!'5?2£!'ﬀ>ﬂ.!'ﬀ0ﬀ0<.5%!'ﬀ
`0&@7.1N*-/?"W;ﬀ>#?5%!$:=<.ﬀ]7.ﬀ.IJ!'ﬀ#?/=*-5?5%!FÅs*-IM5=*-ﬀ.IJ!'IM0/?/%!'5Z»ﬂb <cb`ﬂ "!}^*;#%#%!0ﬀ.ﬀ>!'5?<9*-10Kº!'0ﬀ>!'5}0/¤O
/%!'5?6S!'101"!K.1"!'0K./[Q.KL!'5Bﬂ "!IJ!$#=*-&@/%!§ŁF!$:%<.ﬀ]7.ﬀ.ICXJW;ﬀ>#?/=*-ﬀ]/h¡
	
0ﬀﬂ "!$#%!'5[EF5?KL!'0/uX;*-ﬀ.ﬀﬂ.!'5
 2£*-ﬀ>ﬂ.!'5?ﬀ>ﬂ.! ¡`/%W;T+&[0/DÌF01ÎG»!4ﬂ.!$#£*;ﬂ>*-,./?0J!'ﬀ}0/?/%!'5%#ﬂ.!'7./?10":%<G»!'0ﬀ>!'5£*-7 G IJ!'1"M#?/D2!'5%ﬂ.!'ﬀ
7.ﬀ>ﬂ6$2£*-5+IJ!'&V8-Tºﬂ.!'ﬀﬃEFﬀ G»W;5%ﬂ.!'5?7.ﬀ.IJ!'ﬀﬂ.!'56$7Á?!$ﬂ.!'& L!'0/?,.7.ﬀ.XY/@ﬂ.!'5+Ł!$:=<.ﬀ]7.ﬀ.IºJW;5¤O
10"!'IJ!'ﬀ>ﬂ.!'ﬀ¿`/?5?7.XY/?7.5%!'ﬀcb9¸!'Ç!'0ﬀ>!'&#?/=*-5?5%!'ﬀ_}0/?/%!'5F&@Q>#%#%!'ﬀﬂ.!$#%#%!'ﬀ0IJ!'ﬀ>#=:%<9*±G»/%!'ﬀJW;ﬀ
Eﬀ G²*-ﬀ.Iu*-ﬀ7.ﬀ>ﬂ[G»Q.5ﬂ "!IJ!$#h*-&@/%!}Ł!$:%<.ﬀ`7.ﬀ.I@GH!$#?/?IJ!'1"!'IM/2!'5%ﬂ.!'ﬀcRY#%W+28-<.1"!'ﬀŁ0,9*-&\W;ﬀ]/?
!'/£*-1²bJ0&¸!'5%!'":%<ﬂ.!$#6$7!'5?2*-5?/%!'ﬀ>ﬂ.!'ﬀ`/%W;TJ!$#D!'0ﬀ>!!'/ﬁ2£*;#GH!'0ﬀ>!'5%!EF7 Õ9M#?7.ﬀ.I>R]ﬂ "!}*-KL!'5
KL!' ﬀ>WY:%<q¡ﬀ.":%<]/FJW;5?<9*-ﬀ>ﬂ.!'ﬀ>!'ﬀ`/?5?7.XY/?7.5%!'ﬀ!'<>!'5<.0ﬀ>ﬂ.!'5?10":=<"#?/Sb
•
¸!'@ﬂ.!'ﬀ¶E5?Ka!'0/%!'ﬀÈJW;ﬀÀF&@7.XM*-+7.ﬀ>ﬂ·F"#?<.\¬ ´]½±°@7.ﬀ>ﬂÈŁ0,9*-&\W;ﬀ]/?u!'/*-1²b+¬¨³M¯±°@2405%ﬂ
*-7 G IM5?7.ﬀ>ﬂBﬂ.!'53¹£ÅO¸£!$ﬂ 0ﬀ.IM7.ﬀ.Iﬂ "!£ﬀ]/ﬁ24":%XY107.ﬀ.I@ﬂ.!$#(!'5?ﬀ>#sﬀ`7.5sﬀ>WY:%<uﬀ98-<>!'5?7.ﬀ.IJ#?2£!'"#%!
J!'5¤G»W;10IM/SR0ﬀ>ﬂ.!'& !'0ﬀ>!#%!'10K>#?/=8-<.ﬀ.10":=<>!¿ÅÇ*-5%#%W;ﬀ O¢!'ﬀ>#?/%W;ﬀ Oﬁ*-5?/?0IJ!UÅcM#?7.ﬀ.I­*-ﬀ.IJ!'ﬀ>W;&[&\!'ﬀ
2405%ﬂ§7.& ﬂ "!+^*;#%#%!'ﬀ9*-XYX`5%!'/?"W;ﬀ>#%5=*-/%!@*-K.6$7>#%:%<98-/?6S!'ﬀcb
ﬀﬂ.!'5[<."!'5[JW;5?10"!'IJ!'ﬀ>ﬂ.!'ﬀ©EF5?KL!'0/[!'ﬀ`/¤GH8-1010/\ﬂ "!¹£ÅaO¸!$ﬂ 0ﬀ.IM7.ﬀ.Iﬃ7.ﬀ>ﬂﬂ "!ﬂ>*-5=*-7>#[5%!PO
#?7.10/?"!'5%!'ﬀ>ﬂ.!'ﬀ¸!$#%:=<.5=8-ﬀ.X`7.ﬀ.IJ!'ﬀcRYﬂ>*!'0ﬀ[0&[,.1006$0/%!$#£ÅcM#?7.ﬀ.IJ#?J!'5¤G²*-<.5%!'ﬀVJ!'5?2£!'ﬀ>ﬂ.!'/2405%ﬂb
F"!!'0ﬀ.6$0IJ!V3W;5?I]*-Ka!\"#%/@ﬂ "!Vﬂ.!'5u!$#=*-&@/?&V*;#%#=!ﬂ.!'5+AﬃW;10XJ!7.ﬀ>ﬂﬃ0<.5%!'5uEﬀ G²*-ﬀ.IJ#?/%!'&BO
,L!'5=*-/?7.5Z»ﬂ "!}G»Q.54ﬂ "!ﬀ]/ﬁ24":%XY107.ﬀ.Iﬂ.!$#¢5%W;/%WM#?/%!'5?ﬀ>#XJ!'0ﬀ>!f24":=<]/?0IJ!ZŁW;101"!#?,."!'10/h¡
	
*-101"!
ÒS¯J×
    & 		ﬁﬃ ﬂﬁd##	ﬁﬃ ﬁ  
!ﬃ  ﬁ ﬃ I !ﬁ(&- I
!ﬁ(ﬂ
ﬁﬃ   I" N	
2!'0/%!'5%!'ﬀ_}5%;TJ!'ﬀEF10/%!'5SR =)!'X`/?0Y/%!'&[,L!'5=*-/?7.5SR9^_*;#%#=!7.ﬀ>ﬂ§Ł}*;ﬂ 07>#+»¢5%W;/%WM#?/%!'5?ﬀº7.ﬀ>ﬂ
<]¼ ﬂ 5%WM#?/=*-/?"#%:%<>!'5(!'5?ﬀq¡ﬃ!'5?IJ!'Ka!'ﬀÐ#%":%<­*-7>#Bﬂ.!'5BÅÇM#?7.ﬀ.I¿ﬂ.!'5B#%/?5=*-<.107.ﬀ.IJ#?<]¼ ﬂ 5%W`ﬂ ¼Yﬀ9*±O
&["#%:%<>!'ﬀC}1"!'":=<]7.ﬀ.IJ!'ﬀ¿W;<.ﬀ>!@2£!'0/%!'5%!Zf8-<>!'5?7.ﬀ.IJ!'ﬀ²`/%W;T*-7>#?IJ!$#=:%<.&["!'5?/SRc`/?5=*-<.107.ﬀ.IJ#¤O
/?5=*-ﬀ>#?,LW;5?/ÇIM5=*-7q¡Pb ﬁﬀ+ﬂ "!$#%!'&`0ﬀ.ﬀ>!247.5%ﬂ.!<."!'5s!'5%#?/?&V*-1"#Ç!'0ﬀ>!J;10100IXJW;ﬀ>#?"#?/%!'ﬀ]/%!DÅcM#?7.ﬀ.I
!'5?<9*-10/%!'ﬀcb
•
^0/!'0ﬀ>ﬂ 0&\!'ﬀ>#?"W;ﬀ9*-1"!'ﬀ\^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀ\"#?/ﬂ.!'5>5=*-IJ!ﬀ9*;:=<[!'0ﬀ>!'5!'J!'ﬀ`/?7>!'101"!'ﬀ\.5=*-I;O
&\!'ﬀ]/=*-/?"W;ﬀﬂ.!'5AﬃW;10XJ!ﬀ.":%<`/ﬀ9*;:=<.6$7.IJ!'<>!'ﬀcb
+e

wux?yaxlamZtfrutZvxt ¤o z}o9yam =rZtuvk9mwZywtZ%| rutuw
px¤oq4jBmuntZv%vxy¶lamux3%k9lamuxy	Cto
 %lL| %rZtuv
}"!^WYﬂ.!'10105%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀcRﬂ "!_0ﬀªﬂ "!$#=!'&EFK>#%:=<.ﬀ.0/?/§JW;5?IJ!$#?/%!'1010/2!'5%ﬂ.!'ﬀcR4!'ﬀ]/%#%,.5%!$:%<>!'ﬀµﬂ.!'ﬀ
^_W`ﬂ.!'101"!'ﬀ§*-7>#£EK>#%:=<.ﬀ.0/?/® b¨½ R]&[0/ﬂ.!'& Fﬀ]/%!'5%#%:=<."!$ﬂR.ﬂ>*;#%#<."!'5£ﬂ "!}:%<>!'&["#%:=<>!fﬀ]/ﬁ24":%XY107.ﬀ.I
&[0/!'0ﬀ]Ka!'6SW;IJ!'ﬀÈ247.5%ﬂ.!MbF"!_(W;ﬀ>#%/?5?7.X`/?"W;ﬀÈﬂ.!'5^WYﬂ.!'101"!"#%/"ﬂ.!'ﬀ`/?"#%:%<cR4!$#247.5%ﬂ.!_24"!0ﬀ
EFK>#%:%<.ﬀ.0/?/® b¨½ZJ!'5¤G²*-<.5%!'ﬀcRYﬂ "!fEFﬀ GH*-ﬀ.IJ#%2!'5?/%!fﬂ.!'54`/?5?7.XY/?7.5?M*-5?N*-K.1"!'ﬀ#?0ﬀ>ﬂﬂ "!IM1"!'":=<>!'ﬀcb A¥"!
Ka!'5%!'0/%#!'5?2£8-<.ﬀ`/SR>ﬀ.0&[&Z/,.5?0&\W;5%ﬂ N*-1"!$#}*;#4!'0ﬀ>!:=<9*-5=*-X`/%!'5?"#%/?"#%:%<>!#-Ç!'&[,a!'5=*-/?7.5JW;ﬀ
200 K
7.ﬀ>ﬂ -Ç!'01":=<>!'ﬀ>ﬂ ":%<]/%!JW;ﬀ
104 cm−3
*-ﬀcbÇ}"!35?IJ!'K.ﬀ."#%#%!JW;ﬀ`0&Z7.1N*-/?"W;ﬀ>#?5%!$:%<.ﬀ`7.ﬀ.IJ!'ﬀ©&[0/
ﬂ "!$#%!'ﬀ¿EFﬀ GH*-ﬀ.IJ#%2!'5?/%!'ﬀ2!'5%ﬂ.!'ﬀC*-7>#¤G»Q.<.5?10":%<>!'5Ka!$#%:=<.5?"!'KL!'ﬀcRaﬂ.!'50ﬀ Õ>7>#%#}7.ﬀ]/%!'5%#=:%<."!$ﬂ 10":%<>!'5
EFﬀ GH*-ﬀ.IJ#%2!'5?/%!+2405%ﬂº0ﬀºEK>#%:=<.ﬀ.0/?/F® b ´\Ka!$#?,.5%WY:%<>!'ﬀcb
}"!(W;101N*-,>#?5%!$:=<.ﬀ]7.ﬀ.Iu247.5%ﬂ.!£K."#6$7Bﬂ.!'& ¢37.ﬀ.X`/ﬂ 7.5%:%<.IJ!PG»Q.<.5?/SRM0ﬀ[ﬂ.!'&Æﬂ "!L!'ﬀ]/?5=*-10/%!'&[,a!'5=*±O
/?7.5
105 K
!'5?5%!'":%<]/D<9*-/SbMF"!:=<>!'&["#%:%<>!'ﬀV¢35%W;6S!$#%#%!4#?,."!'1"!'ﬀ\*-&Æ¸!'IM0ﬀ.ﬀ\ﬂ.!'53ﬀ]/ﬁ24":%XY107.ﬀ.IZ!'0ﬀ>!
24":=<]/?0IJ!BŁW;101"!MR.0ﬀ>#%KL!$#%W;ﬀ>ﬂ.!'5%!@0& ,.5?0&\W;5%ﬂ N*-1"!'ﬀ9*-101²RLﬂ>*B<."!'5Fﬂ "!Z8-<.0IMXJ!'0/fﬂ.!$#}+*;#%!$#SR>ﬂ "!
28-<.5%!'ﬀ>ﬂVﬂ.!'5D(FW;ﬀ]/?5=*-XY/?"W;ﬀ!'ﬀ`/%#?/%!'<>!'ﬀ>ﬂ.!'ﬀ(FW;&[,.5%!$#%#?"W;ﬀ>#%!'ﬀ>!'5?IM"!f*-K.6$7>#?/?5=*-<.1"!'ﬀcRJJW;ﬀﬂ.!'53:%<>!PO
&["#%:=<>!'ﬀVq7>#=*-&[&\!'ﬀ>#%!'/?6$7.ﬀ.IKa!$!'0ﬀ Õ>7>#%#?/2405%ﬂb Aﬃ!'ﬀ.ﬀ[ﬂ "!4L!'ﬀ]/?5=*-10/%!'&[,a!'5=*-/?7.5
105 K
!'5?5%!'":%<`/
<9*-/SR>!P "#?/?"!'5?/Ka!'5%!'0/%#!'0ﬀºXY1N*-5*-7>#?IJ!',.5=8-IM/%!'5}(!'5?ﬀcR>ﬂ.!'54G²*;#?/*-7>#%#%:=<.10"!'TM10":%<¿*-7>#4"W;ﬀ."#?"!'5?/%!'&
AC*;#%#=!'5%#?/%W*)ﬃKL!$#%/%!'<]/7.ﬀ>ﬂﬂ 7.5%:%<EXYXY5%!'/?"W;ﬀ*-ﬀ^*;#%#%!6$7.ﬀ.0&[&Z/Sbq}"!@2!'0/%!'5%!uﬀ]/ﬁ24":%XY107.ﬀ.I
0&Ê6S!'ﬀ]/?5=*-1"!'ﬀ¸£!'5%!'":=<_ﬂ.!'5F(W;ﬀ Ñ>IM7.5=*-/?"W;ﬀ6$7!'0ﬀ>!'&Ê&V*;#%#%!'5%!'":%<>!'ﬀﬃ`/%!'5?ﬀ<98-ﬀ.IM/}ﬂ>*-ﬀ.ﬀﬀ.":=<]/
&\!'<.5}JW;ﬀﬂ.!'ﬀ_}!'/=*-01"#Fﬂ.!'5F:=<>!'&["#%:%<>!'ﬀ¿ﬀ`/24":%XY107.ﬀ.I§0ﬀﬂ.!'5f8-7.TJ!'5%!'ﬀ_ÌFQ.101"!@*-K7.ﬀ>ﬂº247.5%ﬂ.!
ﬂ.!$#?2£!'IJ!'ﬀ§ﬀ.":%<`/£2£!'0/%!'5J!'5¤G»W;10IM/SR ﬂ>*Zﬂ "!$#%!F¢3<9*;#%!}ﬀ.":%<]/&\!'<.5f!'IJ!'ﬀ>#?/=*-ﬀ>ﬂﬂ.!'5£JW;5?10"!'IJ!'ﬀ>ﬂ.!'ﬀ
EF5?KL!'0/"#%/SbE7.TJ!'5%ﬂ.!'&)"#%/+ﬂ "![0ﬀﬃﬂ.!'ﬀﬃ^WYﬂ.!'101"!'ﬀﬃ0&[,.1"!'&\!'ﬀ`/?"!'5?/%!q7>#?/=*-ﬀ>ﬂ.#%IM1"!'":%<]7.ﬀ.I!'0ﬀ>!$#
"ﬂ.!S*-1"!'ﬀª+*;#%!$#B0&[&\!'5\2!'ﬀ.0IJ!'5VIJ!'5%!$:%<]/¤GH!'5?/?0IM/SR£ﬂ>*_&[0/[6$7.ﬀ>!'<.&\!'ﬀ>ﬂ.!'5}":%<`/%!§ﬀ.":%<`/?100ﬀ>!S*-5%!
=)!'XY/%!424"!Ka!'"#?,."!'1"#?2£!'"#%!}5?7>:%XY"W;ﬀ."#=*-/?"W;ﬀ¿»#?"!'<>!F *-7.&\W;ﬀcRY¹<9*-K.5?"!'5SR];*-ﬀÌFW;5?ﬀ¬¨³M½±° ¡3*-7 G O
/?5%!'/%!'ﬀcb3YW#?0ﬀ>ﬂKL!'!'0ﬀ>!'5-Ç!'&[,a!'5=*-/?7.5[JW;ﬀ
T = 105 K
7.ﬀ>ﬂU}":%<`/%!JW;ﬀ
ρ = 1 g cm−3
ﬂ "!\¸!'0/?5=8-IJ!BJW;ﬀ -s!'&[,L!'5=*-/?7.5¤O}7.ﬀ>ﬂ¿}5?7>:%XY"W;ﬀ."#=*-/?"W;ﬀCJW;ﬀﬃ!'/ﬁ2£*§IM1"!'":=<>!'5B}5%;TJ!'ﬀ>W;5%ﬂ ﬀ`7.ﬀ.I>b
}"!EFﬀ.ﬀ9*-<.&\!+!'0ﬀ>!$#4"ﬂ.!S*-1"!'ﬀ_*;#=!$#"#?/4IJ!'5%!$:%<`/¤G»!'5?/?0IM/SRq#%W-G»!'5?ﬀºﬂ "!}":=<]/%!
ρ = 10−6 g cm−3
ﬀ.":=<]/2£!$#%!'ﬀ]/?10":=<Q.Ka!'5%#%:=<.5%!'0/%!'/u² *-7.&\W;ﬀcRL¹<9*-K.5?"!'5SR9;*-ﬀºÌ}W;5?ﬀﬃ¬¨³M½-° ¡Pb
EF1"#s¹<>!'&["!32405%ﬂZ!'0ﬀ>!3!'5?2!'0/%!'5?/%!AC*;#%#%!'5%#%/%W*)a:=<>!'&["!3Ka!'/?5=*;:%<]/%!'/SR-ﬂ "!3ﬂ "!`,a!'6$"!$#
H
R
H+
R
H−
7.ﬀ>ﬂ
H2
R
H+2
R
H+3
7.ﬀ>ﬂ
e−
Ka!'5?Q>:%X #?":%<`/?0IM/Sb`}"!J!'5?2£!'ﬀ>ﬂ.!'/%!'ﬀŁF!S*-X`/?"W;ﬀ>!'ﬀV#%0ﬀ>ﬂ[0ﬀ$-s*-Ka!'101"!F® b¨½
*-7 G»IJ!'10"#?/%!'/
	
IJ!'ﬀ9*-7>!'5%!B0ﬀ.6S!'10<>!'0/%!'ﬀ¿6$7.&:=<>!'&["#%:%<>!'ﬀﬃ}!'/?6$2!'5?XºÑ>ﬀ>ﬂ.!'ﬀ#%":%<_0ﬀ_EFﬀ.<9*-ﬀ.I¸fb
}"!$#%!$#\}!'/?6$2!'5?XÐ"#?/BIJ!'IJ!'ﬀ`Q.KL!'5ﬂ.!'&JW;ﬀ¥ÀF&@7.XM*-FÄ"#%<.+¬ ´]½-°ﬂ.!'7./?10":%<¥!'5?2£!'0/%!'5?/V7.ﬀ>ﬂ
Ka!'5?Q>:%X #?":%<`/?0IM/f*-7>:=<ﬂ "!Z`,a!'6$"!$#
H+2
7.ﬀ>ﬂ
H+3
b
EF1"#:%<>!'&["#%:=<>!·EFﬀ GH*-ﬀ.IJ#?6$7>#h*-&[&\!'ﬀ>#%!'/?6$7.ﬀ.I{247.5%ﬂ.!È!'0ﬀ
H2
OﬃK.6$231"!'X`/?5%W;ﬀ>!'ﬀ9*-ﬀ`/%!'01JW;ﬀ
fH2 = 5 · 10
−4 K.6$2+b fe− = 1 · 10−10
IJ!'28-<.10/
	
ﬂ.!'55%!'1N*-/?0J!_Eﬀ`/%!'01}ﬂ.!'5IJ!'1N*;ﬂ.!'ﬀ>!'ﬀµ`,L!PO
6$"!$#
H−
R
H+2
R
H+3
Ka!'/?5=8-IM/
10−15
b
fH+
2405%ﬂ#%WIJ!'28-<.10/SR ﬂ>*;#%#Dﬂ>*;#4*;#30ﬀ>#%IJ!$#=*-&@/!'1"!'X`/?5?"#=:%<
ÒS¯M¾
"$%   ﬁ   & 		ﬁ4Nﬂﬁ!!#		ﬁﬃ
ﬀ>!'7./?5=*-1q"#?/SbJ*;#35%!$#?/?10":=<>!}*;#DKL!$#%/%!'<]/*-7>#£*-/%W;&V*-5%!'& AC*;#%#=!'5%#?/%W*)RM#%"!'<>!F*-7>:%< -s*-Ka!'101"!FÓ b0ÒMb
f!'5Aﬃ!'5?/3JW;ﬀ
fH2 = 5 ·10
−4 247.5%ﬂ.!IJ!'28-<.10/SRJ2£!'019Ł!$:=<.ﬀ]7.ﬀ.IJ!'ﬀV24"!4ﬂ "!JW;ﬀ\}W;5?&V*-ﬀcRJEFKL!'1
7.ﬀ>ﬂ¸£5?¼]*-ﬀ_¬ ´]¯±°²`/?5?7.X`/?7.5?K.01"ﬂ 7.ﬀ.I>R.¸£01"ﬂ 7.ﬀ.IB!'5%#?/%!'54`/%!'5?ﬀ>! ¡DWYﬂ.!'5ﬂ "!FJW;ﬀEFKL!'1q!'/*-1²bq¬¨½-°R9¬0ÒP°
¸£5%W;&[&Ï!'/@*-1²b¬¨É±° XJWM#?&\W;1"W;IM"#%:=<>!'ﬀÐ`/?5?7.XY/?7.5?K.01"ﬂ 7.ﬀ.I`¡f6$7ﬃﬂ.!'& Y:=<.107>#%#+XM*-&\!'ﬀcRﬂ>*;#%#ﬂ "!$#%!
Ìf8-7 Ñ>IMXJ!'0/Vﬂ "!Y:%<`2!'101"!_ﬂ>*-5%#?/%!'1010/SRD*-K­ﬂ.!'5\ﬂ "!º(fQ.<.107.ﬀ.Iﬂ 7.5%:%<­&\W;1"!'XY7.1N*-5%!'ﬀ­AC*;#%#%!'5%#%/%W*)
*-7>#?5%!'":=<>!'ﬀ>ﬂ¥!,6\6$"!'ﬀ`/"#%/SR7.& ﬂ.!'ﬀª(W;101N*-,>#JW;ﬀ©,.5?0&\W;5%ﬂ N*-1"!'ﬀ·ÀFK Á¤!'XY/%!'ﬀ­6$7¥!'5?&\;IM10":=<>!'ﬀ
»#?"!'<>!Z*-7>:%<EFK>#%:%<.ﬀ.0/?/fÓ b¨³J¡Pb
ÀFKº!'0ﬀ>!f,.5%W;/%WM#?/%!'101N*-5%!+AﬃW;10XJ!fXJW;101N*-K."!'5%!'ﬀºX;*-ﬀ.ﬀcRY<98-ﬀ.IM/47cb¨* b.ﬂ>*SJW;ﬀ*-KcR.W;K§ﬂ "!f2£8-<.5%!'ﬀ>ﬂºﬂ.!'5
;"+ ﬂ	
		 %B1"-4d5#)/ﬁJQ4D5#)  $ﬂ89ﬂ!D, ./		
ﬂY `KK d"-		Q"O+K"-	ﬃ  $Dﬂ!=O-KS$D"-)	
ﬂ!9:  ?> @ O-K
R
B	gKS$D"-5 
	gO
R
ﬂﬃﬃYOﬀB."-	S"+!D2 : +<%> @ O
R
KB

R
ﬂﬃﬃYO;KS$D"-5 
	6OﬀB."-	S"+!D2 :   ?> @ O
R
9!&2ﬁJﬁO`2ﬃﬃgO
R
"-!D4&2- : +> @ O
 UXﬂ$"+	g : ?> @ 
Ł!S*-XY/?"W;ﬀ ÖF7>!'101"!
H + e− → H+ + e− + e−
¸¹£Å
H+ + e− → H + γ
¸¹£Å
H + e− → H− + γ
¢3
H− + H → H2 + e−
¸¹£Å
H− + H+ → H + H
¸¹£Å
H2 + e
− → H + H−
¸¹£Å
H2 + H → H + H + H
¢£.
H2 + H
+ → H+2 + H
¸¹£Å
H2 + e
− → H + H + e−
¸¹£Å
H− + e− → H + e− + e−
¸¹£Å
H− + H → H + H + e−
¸¹£Å
H− + H+ → H+2 + e
− ¢3
H + H + H → H2 + H
¢.
H + H + H2 → H2 + H2
¢.
H2 + H2 → H2 + H + H
¢.
H + H → H+ + e− + H
¢.
H + H− → H2 + e−
YÅc
H+ + H− → H + H
YÅc
H− + γ → H + e−
ÅsY
H+2 + e
− → H + H
YÅc
H+2 + H
− → H2 + H
YÅc
H+2 + H2 → H
+
3 + H
YÅc
H+3 + e
− → H2 + H
YÅc
H+3 + e
− → H + H + H
YÅc
H + γ → H+ + e−
ÅsY
H+2 + H
− → H+3 + e
− ÅsY
H+ + H− → H+2 + e
− YÅc
H+2 + H
− → H + H + H
YÅc
H2 + H
+ → H+3 + γ
YÅc
H+2 + H → H
+
3 + γ
YÅc
H+3 + H
− → H2 + H + H
YÅc
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